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Abstract

This paper introduces the foundational object of Computation-Realization Geometry (CRG). A terminalized
computation and resource contract define a legal realization family P; typed signatures yield the exact attainable
region R, the upper obligation region I', and the additive-price-visible body K. Contextual equivalence gives
canonical directed interface states in the declared tree model, while circuit—protocol translations and interactive
examples show why realization identity must remain distinct from a resource image. Monotone reconstruction
and nonnegative support duality identify I' and K as exact decision-sufficient quotients for their respective
objective classes. The Safe-Commitment Law characterizes, in both directions, when a retained family preserves
every declared future decision and supplies an explicit regret witness when it does not. A strict engineering-cost
separation corollary strengthens the necessity direction to continuous, coordinatewise strictly increasing, coercive
costs. The paper also develops hierarchy coherence, resource monotonicity, products, local data processing, and
communication synergy.

Companion to A Communication Theory of Computation Realization (v3.2.0), DOI 10.5281/zenodo.22048090. This
manuscript expands the semantic, geometric, and decision-sufficiency foundations of the canonical theory.
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1 Introduction

An abstract computation specifies a relation among inputs, outputs, and correctness conditions. A physical
system must additionally choose an algorithm, protocol, circuit, schedule, state allocation, ownership arrangement,
hierarchy, resource allocation, and technology embedding. Those choices determine which distinctions are retained
locally, which are recomputed, and which cross interfaces. The central scientific object is therefore not one
implementation and not one communication number. It is the family of legal realizations and the geometry of the
resource obligations they jointly attain.

This paper develops the semantic and geometric foundations of computation-realization geometry (CRG). For a
terminalized computation F', resource contract p, and hierarchy 7T, let P%(T) be the legal realizations and let o7
map one realization to its typed obligations. The exact image R retains joint attainability, the upper region I"
is the complete representation for continuous monotone resource objectives, and the convex upper body K is the
complete representation for additive nonnegative prices:

(F,p,T) =P LR —T — K.

The successive arrows form an abstraction ladder. Each step forgets information, and each is exact for a precisely
characterized class of future decisions.

The semantic foundation is contextual distinguishability. On a tree, assignments on one side of an interface
are equivalent when every assignment on the opposite side induces the same required opposite-side outputs. The
quotient gives a canonical state. General causal protocols enlarge the legal family to interactive message events;
circuits and protocols are translated under explicit accounting. Finite-field linear computation then supplies a
nontrivial exact interactive fragment in which directional cut ranks are both simultaneous lower bounds and jointly
attainable loads.

The observation foundation is decision sufficiency. Monotone queries reconstruct I'; nonnegative linear prices
reconstruct K. These reconstruction theorems yield the Safe-Commitment Law: a retained family is lossless for the
declared decision class exactly when it preserves the corresponding geometry. The result identifies the information
boundary between reversible abstraction and irreversible commitment.

1.1 Contributions

F1. A typed core resource contract with coherent hierarchy pushforward and an explicit quantifier order from
computation to technology.

F2. Canonical directed contextual states and explicit circuit/protocol translations under declared semantic and
fixed-bit accounting conventions.

F3. An exact interactive directional cut-rank orthant for finite-field linear computation, together with
carrier /network-code equivalence and temporal cut-state conservation.

F4. Exact reconstruction of I' by continuous monotone observations and of L by nonnegative linear prices.

F5. The Safe-Commitment Law, constructive commitment-regret separators, and strict insufficiency of marginal
minima, scalar summaries, and universal convexification.

F6. Hierarchy coherence, resource monotonicity, local data processing, product additivity, and constructive
communication synergy.

F7. Worked realization geometries and structured matrix, attention, state-sharing, and layout-conversion slices
that connect the formal objects to computational design.

2 Relation to prior work

The foundations developed here connect several theories whose starting objects are usually different. Turing
computation abstracts from hardware realization, while Gandy and Deutsch ask which principles connect abstract
computation to physically admissible mechanisms [26, 27, 28]. Classical realization theory constructs internal
state-space models from input—output behavior [29, 30]; automata theory constructs canonical states by contextual
indistinguishability [31]. CRG extends the realization question from state dimension to a family of legal algorithms,
protocols, circuits, schedules, mappings, ownership structures, hierarchies, and resource allocations.

Shannon theory characterizes codes and limits for a declared source/channel model [32]. Communication
complexity characterizes the exchange required by distributed parties after the function, ownership split, and
protocol class are fixed [33, 19]; information complexity refines the cost of interaction [3, 4]. Network coding
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and network function computation show that legal local transformations change attainable load or rate regions
[22, 34, 21]. These theories provide converses and constructive regions within declared operational models. CRG
registers those models as realization classes and places their traffic coordinates beside state, work, causal depth,
replication, and other declared obligations.

Thompson’s VLSI area-time theory and Hong-Kung I/O complexity convert communication service into lower
bounds under physical or memory contracts [25, 5]. Cache-oblivious and distributed numerical linear-algebra results
provide simultaneous multilevel constructions and communication-optimal schedules [7, 6, 8]. The component slices
in this paper use such theorems as outer obligations and constructive witnesses inside the same resource geometry.

Contract-based design and interface theories make assumptions, guarantees, compatibility, and refinement explicit
[35, 36]. Abstract interpretation studies sound abstraction through ordered semantic domains [37]. Blackwell’s
comparison of experiments asks whether one information structure is at least as valuable for every decision problem
in a class [38]. CRG’s decision-sufficiency results stand closest to this latter tradition: the upper obligation region
and convex price body are characterized by the complete classes of decisions they answer, and the Safe-Commitment
Law is equality of those decision-sufficient objects before and after pruning.

Vector optimization supplies upper images, Pareto order, support duality, and outer approximation [2, 39, 40].
The CRG regions use this mathematics, but retain a semantic realization fiber behind the image. This fiber is
essential when two algorithms or schedules have the same declared signature but differ under a later embedding-
sensitive objective. The novelty of the foundations is therefore the integrated computation-first object: legal
realization semantics, typed joint obligations, coherent hierarchy maps, exact observation quotients, and a necessary-
and-sufficient law of safe reduction.

Part 1
Semantic contracts and exact resource geometry

3 Terminalized computation and resource contracts

The mathematical object to be realized is separated from the resources by which it is realized. This separation
fixes the quantifiers used throughout: first a semantic task, contract, and hierarchy are fixed; only then are legal
realizations and their interface signatures compared.

Definition 3.1 (Terminalized deterministic computation). A terminalized deterministic computation is a map
Fox=][xi—y=]]v
i€l jeo

where every alphabet is finite. A hierarchy consists of a finite tree T = (V, E) and placement maps A\r : I — V and
Ao : O = V. Vertex v owns the local input alphabet

X, = H X;

i:)\j(i)zv

Y, = H Y;.

jxo(j)=v

and must produce the local output alphabet

Definition 3.2 (Core resource contract). A core deterministic resource contract is a tuple
p:<B7S7D7M7R’€7A?X)7

where B is the allowed local primitive basis, S is a local-work or circuit-size budget, D a causal-depth budget, M a
storage budget, R a replication or recomputation budget, € an allowed error (zero in the exact results below), A the
admissible hierarchy and terminal-placement rules, and x the communication-accounting type. A p-legal realization
P is a finite hierarchical protocol or circuit satisfying these typed bounds. Contract relazation is semantic inclusion:
p = p' exactly when every p-legal realization is p'-legal.

To make hierarchy contraction formal, each scalar bound is represented by a finitely supported charge on
hierarchy sites or interfaces together with a declared associative aggregation law. Local work and storage use
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addition; retained interface traffic and replication charges use addition over surviving interfaces; causal depth and
protocol rounds use max—plus path composition; terminal placement uses direct image; exact error remains zero,
while an approrimate extension must declare an associative error-composition operation ®.; and x is preserved. A
connected-fiber contraction q : T — T’ pushes a charge forward by aggregating all charges in each fiber and on each
induced surviving interface.

A resource budget is a legality constraint on the complete realization; a resource charge is the additive or
maz—plus object pushed through a hierarchy map. A budget need not equal the sum of local charges unless the
contract declares that aggregation rule. Thus, for example, a package-wide peak or shared memory pool is not
counted once per stage merely because stage-local timing expressions are written separately. Extensions may add
stochastic, analog, reversible, or technology-specific coordinates, but they must specify legal-realization semantics, an
associative aggregation law, and pushforward behavior before the coherence results apply.

3.1 How a resource contract changes the realization family

The contract is part of the mathematical problem, not metadata attached after optimization. Three simple changes

illustrate its effect.

Time sharing.
Two stage-local state requirements m, mo aggregate as m; + mo when dedicated engines coexist and as
max{m,mo} when one state pool is reused across disjoint time intervals. The latter realization also carries a
schedule and utilization coordinate. Replacing one aggregator by the other changes legality.

Replication and recomputation.
A replicated table or recomputed intermediate can reduce communication while increasing work, state, or
replication charges. Those are different legal points in one typed geometry, not different estimates of one fixed
graph.

Approximation.
Permitting error £ > 0 enlarges the legal family only after the correctness relation and the composition law @,
have been declared. Approximate and exact geometries are different slices of the theory.

The hierarchy rule A is equally active. A partition can be a nested accounting cut, a physical carrier, a clock or
ownership boundary, or a measurement hierarchy. The contract specifies which interpretation is in force and which
resource charges survive contraction. This is the mechanism that prevents a static cut count from being silently
read as bandwidth, latency, routed congestion, or energy.

Proposition 3.3 (Functoriality of contract pushforward). For every core contract with the aggregation laws of
Theorem 3.2, connected-fiber contractions satisfy

idip=p,  (roqhp=rignp).
Proof. For an additive local charge a, the charge assigned to a coarse site w by the composite contraction is
(rega)w)= > a)= Y > a()=(rga))(w)
vi(rog)(v)=w wr(u)=w vig(v)=u

The same regrouping proves the claim for additive interface and replication charges. Max—plus path aggregation is
associative because path concatenation and max are associative; direct image of terminal placement is functorial;
exact error is fixed at zero; and every admitted approximate coordinate is functorial by the required associativity
of ®.. The primitive basis and accounting type are unchanged. Identity maps leave every support and charge
unchanged, so componentwise equality gives both identities. O

Definition 3.4 (Typed interface signature). For an oriented hierarchy interface e, a typed signature is

He = (Se; Veyte; d€7 Cle,ﬂ'e),

where s. is bits per state or message, v, is message events per operation, te = Scl, s bits per operation, d. is a
causal-round or depth contribution, a. is an activity factor, and w. is an optional traffic or burst distribution. An
analysis may project to any declared subset. Static cut accounting uses s or a fized-bit width; throughput and link
calculations use t.; latency uses d.; and dynamic energy requires to together with a. and a technology model. These
coordinates are not interchangeable.
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Definition 3.5 (Interface-accounting convention). For a finite message alphabet X3, define its semantic log-cardinality
and fized-length binary width by

lsem (X) = logy |X], big(3) = f10g2 |2|~| .

For a sequence of message events, capacities add event by event. The contract records x € {sem, bit}, or an explicitly
specified richer coding rule. Semantic capacity is exact for state-space and product identities; fixed-bit traffic is the
physical convention for Boolean circuit nets. The two conventions coincide at one bit for a binary alphabet.

Unless stated otherwise, the event schedule is fixed independently of the input, conditional absence is charged as
an alphabet symbol, and opposite directions are charged separately. The event sum is provisioned alphabet capacity,
not Shannon entropy of a reachable-transcript distribution. Joint coding across events, expected variable length,
compression, retransmission, broadcast cost, and link sharing require a richer x stating decoder, timing, and charging
rules. Bits per operation alone do not specify instantaneous bandwidth or latency; event-rate, burst, and service
coordinates are also required.

4 Canonical distributed interface states

Removing an undirected edge {u,v} creates two components. Write V), for the component containing u, X, for
the product of inputs placed there, and Y|, for the outputs placed on the opposite side.

Definition 4.1 (Separable directed-summary realization). For every oriented edge u — v, choose a finite message
alphabet X, _,,. A separable directed-summary realization consists of local maps

6u~>v : Xu X H Ew%u — Eu%v
weN (u)\{v}

and output maps

N * Xu X H Ew%u — Yu
weN (u)

Because the graph is a tree, the message on u — v is recursively a function only of X,,. Oppositely directed
messages summarize their own sides and do not depend on one another. This is a noninteractive two-pass summary
model, not the general interactive model introduced in Section 5.

Definition 4.2 (Directed contextual equivalence). For a,a’ € Xy, define

A=y @ = Fy, (a,z) = Fy, (d',z) for every z € X,

Let
Qu%v - Xu\v/Euﬁua Ry—o = 10g2 |Qu~>v|

The real logarithm is the semantic capacity; a fized-length binary encoding uses [Ky—y, | bits.

Theorem 4.3 (Canonical directed-summary theorem). For every finite terminalized computation F' and every tree
hierarchy T :
(a) the directed contextual classes are locally composable;
(b) the class messages Qu—, yield a separable directed-summary realization of all outputs;
(c) every separable directed-summary realization satisfies |Zy—y| > |Qu—w| on every oriented edge; and
(d) if equality holds on every oriented edge, the realization is the canonical quotient realization on every reachable
local input—message tuple, up to independent renaming of message states; behavior on unreachable tuples is
unconstrained.
Thus
H? (F) = ("Qu—w)u—m

is an implementation-independent, encoding-optimal, jointly realizable directed-capacity vector for the hierarchy.
Proof. Fix u — v. The component V,,,, is the disjoint union of v and the components V,,,, for w € N(u) \ {v}.
Suppose ., ay, € Xy, satisfy a, =w_ ay, for every such neighbor, and fix the same local assignment at u. For

any assignment z on V,,,, replace the a,, by a;, one component at a time. By definition, each replacement preserves
every output outside V,,,, for every assignment to the remaining variables, hence in particular every output in Vj,.
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The combined assignments are therefore equivalent under =, _,,. The outgoing class is consequently a well-defined
function of the local input and incoming classes.

For an output at vertex u, choose arbitrary representatives of the incoming classes. Replacing any representative
by another in the same class preserves every output outside that neighbor component, including the outputs at u.
The local output is therefore well defined and equals F'.

For minimality, consider any separable realization. Its message m,_,, is a deterministic function of the assignment
on Vy,. If inequivalent assignments a,a’ produced the same message, some opposite-side assignment z would
distinguish an output in V,,,,. Every opposite-side state would be identical in the two runs, and the only dependence
on the u-side would be through the identical message. Determinism would force identical outputs, a contradiction.
Thus different contextual classes require different messages.

If every alphabet has minimum cardinality, its message map can neither merge two classes nor use spare states to
split one class. It induces a bijection Q,_, — Xy _sv, and the local maps are conjugate to the quotient maps under
these independent bijections on every reachable local input—message tuple. Their values on unreachable tuples may
be assigned arbitrarily without changing correctness, minimum message cardinality, or canonical equivalence on the
reachable domain. O

Interpretation. The theorem is simultaneously constructive, minimal, and joint. It does not obtain one lower
bound per edge and then splice incompatible edgewise optima. The same quotient realization attains every directed
minimum at once. The message state on u — v is the complete set of distinctions on the u-side that can still matter
to an output on the v-side under some legal opposite-side context. Any smaller alphabet merges two distinguishable
contexts; any larger alphabet contains representation redundancy.

The result also explains why terminal placement is load bearing. Moving an output to another vertex changes
which contexts can distinguish two assignments and therefore changes the quotient itself. A “communication
requirement of the function” is consequently incomplete until input and output ownership have been declared.

Example 4.4 (Three-node worked quotient). Let a path u — v — w carry input bits x at u and y at w, with
output x & y required at v. Across u — v, the two values of x are contextually inequivalent because fixing y = 0
distinguishes the required output; hence Qu—, = {0,1}. Symmetrically, Qu—, = {0,1}. In the reverse directions
no output lies beyond the edge, so the quotient has one state. The canonical realization sends one bit inward from
each leaf and computes parity locally at v. The directed capacity vector follows from semantics alone and is attained
without choosing a binary encoding convention in advance.

Corollary 4.5 (Fixed-bit canonical widths). Under fized-length binary accounting,

7%u—w = |V"3u—>v‘|

1s jointly realizable and componentwise minimal among all fized-length encodings in the separable directed-summary
model. Each ceiling adds less than one bit beyond semantic capacity.

Corollary 4.6 (Single-root quotient). If all outputs are placed at a root r, every edge directed toward r has the
contextual-equivalence state space of its subtree, while every reverse edge has one state. The canonical realization is
bottom-up and is analogous to a Myhill-Nerode quotient for the selected variable tree.

Corollary 4.7 (Independent-bit routing). Let source bit z; be placed at one vertex and copied to an arbitrary set
of output terminals. For oriented edge u — v, let k., be the number of source bits located in V|, with at least
one requested copy in V. Then

‘Qu%v| = Qku%va Ry—v = ku~>1r

Consequently, total directed semantic capacity across an undirected edge equals the number of independent routed
nets separated by that cut.

Proof. The opposite-side outputs depend on exactly those k,_,, source bits. Two assignments on the u-side are
contextually equivalent precisely when they agree on all of them, giving 2=~ classes. O

Example 4.8 (Broadcast and all-reduce). A single source bit broadcast to many consumers has one bit of semantic
capacity on every directed edge separating the source from at least one consumer and zero in the reverse direction.
One bit of information can thus accumulate arbitrarily large multiscale incidence. By contrast, if every node must
output the parity of all source bits, each side of every nontrivial edge has two summary states (its local parity), so
one bit is required in each direction. Semantic information and physical distribution incidence are therefore distinct
quantities.
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5 General causal realizations and exact certificates

The quotient theorem is exact within the separable two-pass model. A general circuit or protocol may cross
the same interface in several causal stages, so the realization class must be enlarged before making interactive
claims. We use four explicit conventions: circuits are finite, combinational, and acyclic; each Boolean signal is one
driver-to-sinks hyperedge net; gates and terminals are placed at hierarchy vertices; and each hierarchy edge is either
a nested cut-accounting boundary or a physical tree hop, as declared by p. Net incidence counts one bit per crossed
tree edge, not one bit per sink pin. Sequential reuse, registers, variable schedules, routed congestion, and nonfree
branching require additional time, storage, or carrier coordinates.

The section makes three successive enlargements of the realization model. First, a circuit is represented as a
causal protocol so that static net incidence and message traffic can be compared under one accounting contract.
Second, interaction is admitted, showing precisely how nonlinear computations can alter the lower bounds derived
from one-way contextual states. Third, a temporal service window is introduced, allowing retained state and
communication to enter one conservation law. The three steps separate representation, interaction, and time instead
of folding them into one overloaded “communication cost.”

For each enlargement the proof pattern is the same:

semantic range or quotient = outer obligation and explicit protocol or circuit = inner witness.

When the two meet, the corresponding CRG slice is exact.

5.1 Finite causal protocols and circuit translations

Definition 5.1 (Finite acyclic tree protocol). A finite acyclic protocol P on a tree hierarchy consists of a finite
event DAG. Each message event a is labeled by an oriented tree edge, outputs a symbol in a finite alphabet ¥, and
is a deterministic function of the local input at its source vertex and earlier messages received there. A conditional
or absent message is an ordinary alphabet symbol, so the event schedule is static. Fach output event is similarly a
deterministic function of local input and earlier received messages. The protocol computes F' when all terminal
outputs equal F(x) for every x.

For tree edge e, define semantic alphabet traffic and fized-length binary traffic by

ae(P) = Z logy [Eal, ce(P) = Z [logy [Zal] -
a:a labeled by e a: a labeled by e

Write tX(P) = a.(P) under semantic accounting and tX(P) = c.(P) under fized-bit accounting. A round-resolved
signature may retain every message event separately; tX(P) is its declared static projection.

Definition 5.2 (Circuit cut vector). Let C be a finite Boolean circuit with one hyperedge net per signal, and let T
place every gate and terminal at a tree vertex. For tree edge e, let M, denote either side of its cut and define

be(C,T) = |{n : net n has pins on both sides of e}|.
The vector b(C,T) is the multiscale cut-incidence vector of the placed implementation.

The translation treats a gate or terminal at v as a local deterministic event, a one-bit net as one-bit messages
on its minimal connecting subtree, and fanout as replication at a tree branch. Replication is free only in the
cut-only contract; otherwise it contributes local work, storage, and possibly depth. Topological gate order becomes
event-DAG order. A k-symbol message uses a chosen injective [log, k|-bit code whose encoder and decoder logic is
included in the local event circuits. Reuse through time is either unrolled into distinct events or represented by
stored sequential state and therefore cannot be inferred from a static cut vector.

Theorem 5.3 (Circuit-to-protocol factorization). For every finite acyclic Boolean circuit C' and tree placement T
of its gates and terminals, there is a finite acyclic tree protocol computing the same terminalized function with

ce(P) = b.(C, T)

for every tree edge e, under a communication-only contract in which forwarding, replication, and multicast at tree
branch vertices are free. The equality is an undirected cut-total identity; the net driver determines the direction on
every crossed edge. Moreover,

Y. b(C.T)= ) |E(Steinerr(pins(n)))l,

e€E(T) nek(C)

where the right side counts edges in the minimal subtree connecting the pins of each circuit net.
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Proof. Process circuit nets in topological order of their drivers. Once the driver of net n is known, route its one-bit
value along the minimal subtree of 7 connecting the driver and all sinks, replicating at branch vertices. A tree
edge is used by n exactly when deleting that edge separates at least two pins of n, equivalently when n crosses the
associated circuit cut. Exactly one bit for n traverses each such edge, proving the pointwise and summed identities.
A net is routed only after its driver is computed, so the event schedule is acyclic. O

Remark 5.4 (Resource cost of materialized forwarding). If forwarding is materialized as logic and every physical
tree hop consumes a causal stage, the construction adds O(Y_, be) forwarding events and at most a factor diam(T)
to path depth. If hierarchy edges are nested accounting boundaries, the theorem is a cut representation and adds no
logical depth. The contract must choose the interpretation.

Theorem 5.5 (Protocol-to-circuit compilation). Let P be a finite acyclic tree protocol. Choose an injective
fixed-length binary code for every message alphabet, and suppose each encoded message or output event, including
required encoder and decoder logic, is supplied by a Boolean circuit over B with size s, and depth d, as a function
of its locally available bits. Then P compiles into a Boolean circuit computing the same terminalized function with

S(C) <D sa,

and depth at most the mazimum weighted length of a path in the event DAG, where event a has weight d,. Every
message bit becomes a circuit net crossing the corresponding tree interface, hence

be(C,T) < ce(P).

Combinational unrolling represents a message reused in several causal rounds by separate nets; a sequential realization
may instead trade storage and time for wires under an enriched contract.

Proof. Topologically order the event DAG. Instantiate the stated circuit for each event and connect its input pins
to local input terminals and the earlier message outputs on which it depends. Acyclicity gives a legal circuit.
Summing local event sizes proves the size bound, and the longest weighted event path proves the depth bound.
Each encoded message bit is one net crossing its labeled interface, which proves the cut bound. O

What the two translations establish. The circuit-to-protocol direction preserves the exact multiscale incidence
of one placed combinational realization under the cut-only contract. The protocol-to-circuit direction records the
local logic and causal depth needed to implement arbitrary finite message alphabets. Together they show that
“circuit” and “protocol” are two representations of realizations inside CRG, not competing definitions of the design
space. Their signatures agree only after the contract specifies whether forwarding, fanout, storage, and time are
free or charged.

As a simple example, a one-bit signal driven at one leaf and consumed at two other leaves uses each edge of the
minimal connecting subtree once. Its summed circuit-cut incidence equals the number of edges in that subtree;
the protocol witness routes the bit along exactly those edges and replicates only at their branch point. If branch
replication is charged, the same semantic realization acquires an additional local-work or activity coordinate without
changing the cut identity.

Corollary 5.6 (Representation equivalence with explicit overhead). Circuits and finite acyclic hierarchical protocols
are mutually translatable. The forward translation exposes multiscale cut incidence exactly under the communication-
only contract; the reverse compilation preserves semantics with explicit local-computation and causal-depth overhead.
Arbitrary interface encoding and interaction therefore belong inside the feasible realization family rather than being
excluded by definition.

5.2 Where interaction changes the signature

Example 5.7 (INDEX interaction boundary). Alice holds x € {0,1}™, Bob holds i € [n], and Bob must output x;.
A one-way Alice-to-Bob summary must distinguish all 2™ strings, so its semantic capacity is n bits. A two-round
protocol lets Bob send i using [logyn| bits and Alice return x; using one bit. Thus

DA_>B (INDEXn) =n, Dinteractive(INDEX'n) S |—1Og2 n—‘ + L.

one-way

The legal directional signatures (n,0) and (1, [logon]) can be selected by different price vectors. With uniform
bit prices and n > 4, the interactive realization wins; if Bob-to-Alice traffic is sufficiently expensive, the one-way
realization wins. A one-way contextual summary, total communication, and a technology-weighted interface objective
are different observations.
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In the noninteractive model, contextual quotients are both constructive points and matching lower bounds. In
a general model, a semantic outer bound requires a problem-specific converse from communication complexity,
information complexity, algebra, or another appropriate method. The operational discipline is therefore to retain
certified brackets
Ri",in(T) < Rll)«" (T) - R[})’,out (T)

and declare every gap.

5.3 Complete interactive finite-field linear orthant

Theorem 5.8 (Linear contextual states are cut ranks). Let F(x) = Mz over GF(2), split inputs as x = (xa,2p),
and place a set of outputs Yp on side B. If Mp 4 is the submatrizx mapping x4 to outputs required on B, then
a,a’ € GF(2)4 are contextually equivalent for A — B exactly when

Mg ala—ad')=0.

The quotient has 22 MB.4a clgsses, and

‘ Ka—p = rankgr(2) Mp . ‘

Proof. For any outside assignment b, the outputs on B differ by Mp a(a —a’). They agree for every b exactly when
this vector is zero. The number of cosets of ker Mp 4 is grank Mp 4 O

Lemma 5.9 (Interactive directional range bound). Delete one tree edge and call the sides A and B. In any exact
deterministic finite causal protocol with a static charged event schedule,

tasp > mlz)ixlog2|{FB(a,b) ta€ Xall

under semantic alphabet accounting; fixed binary width rounds the right side up.

Proof. Fix b and retain the ordered tuple of every A-to-B symbol. Given that tuple and the receiver input, every
receiver-local event and reverse message is determined recursively by induction over the event DAG. Equal forward
tuples must therefore give equal required receiver outputs. The tuple has at least the displayed number of values
and at most the product of its event alphabet cardinalities. O

Lemma 5.10 (Local composition of linear quotient states). For a component C' exposed by deleting a tree edge, let
Le = Moy 1c, Qc =Fl/ker Lc,

where q is the field cardinality. If Op C Og, then

ker Mo 1. € ker Moy 1. ‘

Consequently Mo, 1.xc is a well-defined linear function of Qc. If disjoint incident components C1,...,Cs meet at
v and Op lies outside every C;, their aggregate contribution to Op is a linear function of x1, and the states Qc,.

Proof. Deleting output rows from Mo, 1. can only enlarge its kernel. Thus
Leoxc — Moy, 1o%c

is well defined on im Lo = Q¢. Apply this factor map to each incident component and add the resulting vectors
together with the local term Mo, 1, 71, . O

Definition 5.11 (Interactive linear traffic contract). Let F(x) = Mx over a fized finite field Fy, with input
coordinates and required output rows placed on T . For an oriented edge e = A — B, put

Me :MOB,IA’ Te :ranqu Me.

The contract admits exact deterministic finite causal tree protocols, arbitrary deterministic local maps (not necessarily
linear), and a static charged event schedule. Each vertex begins with only its placed input and fized input-independent
advice; no input-dependent state is prepositioned across a cut. Traffic is charged by Theorem 3.5; local work, storage,
rounds, and depth are unrestricted in this slice. Conditional absence remains an ordinary charged symbol.
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Theorem 5.12 (Exact interactive linear lower corner and orthant). Under Theorem 5.11, arbitrary interaction
and nonlinear local encoding cannot reduce the directional load below r.log, q. One quotient realization attains all
edge bounds simultaneously. Hence

0(T) =Ku(T)= ] [relogsq,00)
€ B (T)

under semantic traffic, with lower corner (fre log, q})e under fixed binary widths. For every nonnegative directional
price vector w,

12f<w,t(P)>: Z WeTe logs .
c€E(T)

Proof. Fix the complete B-side input. The required B-side output ranges over an affine translate of im Mo, 1,,
which has q" points. The directional range bound gives the converse without assuming linear encoders. Contextual
equivalence identifies the sender quotient

FéA/kerMOBJA,

of dimension r,.

For simultaneous achievability, root the tree arbitrarily. In the inward pass, suppose child components C; meet
their parent at v and C' = {v} U; C;. Since Og C Og,, Theorem 5.10 lets v compute Q¢ from its local input and
the child states. In the outward pass toward child C}, the parent combines its local input, the inward states of all
sibling components, and its incoming outward state. The target rows Oc, lie outside every contributing component,
so the same lemma computes the complementary state sent into C';. Every vertex then combines its local input
and incident component states to produce its placed outputs. Identifying each quotient with im Lo and choosing a
basis sends exactly r. field symbols on every oriented edge in one realization. The attainable lower corner and
componentwise converse give the upper orthant, already convex. O

A worked three-site linear realization. Let a path 1-2-3 carry input bits x1, x2, x5 at the three sites, and
require outputs
Y1 =71 D 22, Y2 = T1 Dx2 D3, Y3 = 22 D3

at sites 1,2, 3, respectively. Across the left edge, the contribution of x; to outputs on the right has rank one, and
the contribution of (z2,x3) to the left output also has rank one. The same is true across the right edge. The exact
directional lower corner is therefore one bit in each direction on each edge. An inward/outward quotient protocol
attains all four bounds simultaneously by exchanging the appropriate local parities. The example illustrates the
content of the orthant theorem: interaction may change event order, but it cannot reduce the dimension of the
cross-cut image, and one realization achieves all cut-rank obligations at once.

The orthant theorem determines the complete static charged-traffic geometry for this finite-field linear contract.
Rounds, depth, local work, storage, approximation, randomization, variable-length expected cost, and graph-carrier
coordinates define additional CRG projections and can be added without altering the exact traffic result. INDEX
lies outside this linear class because its opposite input selects which distinction matters; for a linear map the
cross-side image is context independent. On a graph with parallel paths, the rank converse applies to aggregate cut
traffic, not independently to each arc. The one-cut transcript and rank facts are standard; the joint conclusion is
the simultaneous, arbitrary-placement directed orthant even when reverse interaction is free and local encoders
may be nonlinear [19, 20, 21].

5.4 Carrier graphs and network computation

A tree records nested accounting boundaries; a directed carrier graph records which local channels exist. Let
N = (Gear, a1, a0) be a finite directed acyclic multigraph with source-access and output-demand relations. A
carrier realization assigns a finite alphabet to every arc, a local encoder from the tail’s accessible sources and
incoming symbols, and exact decoders at demand vertices. Its signature is the vector ¢(P) of log alphabet sizes.
Define the equal-instance normalized zero-error link-load region

P
Lr(N) = clup U {E(k) : P realizes F®* exactly on ./\/} .
E>1

Block concatenation makes this closed upper region convex.
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Theorem 5.13 (Carrier/network-code equivalence). Under deterministic zero-error semantics on a finite acyclic
carrier, single-shot carrier realizations and network function codes are identical up to internal-symbol renaming,
with identical arc loads. Applying the bijection to F®F for every k, normalizing by k, and taking closed upper block
closure gives exactly the zero-error network-computation link-load region. Identity or multicast output demands
specialize this to ordinary multi-source network codes under equal replication of the source instance fized by F'. This
does not identify the full independent-source rate-vector region.

Proof. Both objects assign precisely the same local encoder to each directed arc and the same decoder to each
demand vertex. A topological order makes every carrier encoder a legal network-code encoder; the reverse
translation changes nothing. The identity translation commutes with independent block products, normalization,
and closure. O

For arc capacities c,, the asymptotic computation rate is
sup ({0} U{R>0:3¢ e LrN), Rl, <c, Va}).

The adjoined zero fixes the gauge: if the carrier is zero-error unsolvable and Lz (N) = &, its computation capacity is
zero. Placing carrier vertices in T linearly projects arc loads to tree-cut loads, but parallel arcs show the projection
is not injective. Matched network-code solvability and nonlinear-code counterexamples therefore transfer exactly.
Linear-versus-nonlinear comparisons require the explicit subcontract in which source and arc alphabets are vector
spaces over one fixed field and all local maps are linear.

The inherited undecidability statement is specifically the variable-alphabet matched-solvability problem: given
finite source, carrier, and demand incidence, decide whether some common alphabet size at least two and deterministic
local encoders satisfy every demand exactly. It does not make fixed-alphabet feasibility or every network-code
decision problem undecidable; a finite instance with every alphabet supplied is decidable by finite enumeration
22, 23, 24].

5.5 Temporal cut-state conservation and scoped projections

Definition 5.14 (Schedule-reachable temporal cut-state certificate). Fir a deterministic realization with a finite
acyclic event DAG, a static charged schedule, a complete site cut A | B, and a service window I. Conditional
absence is an ordinary charged symbol. With receiver-local exogenous context fized, let Sy be the receiver’s retained
state at the start of the window, with logy |S1| < my; let Ap contain all forward A-to-B events in the window, with
L, =log, |3,|; and let Or be a receiver state or output required at the end, with

k1 = log, | im Oy|

as compatible sender histories vary. The certificate is valid when: (i) every retained-state coordinate is available at
the beginning of I; (ii) every charged incoming event occurs before the certified output and lies on a directed path
from a source-side input or state event to Oy; (iii) every directed dependency path by which a varied source-side
history can alter Oy intersects either the retained-state set or the charged incoming-event set; and (iv) each charged
event is counted once under the registered accounting rule. These conditions are decidable by reachability and cut
tests on the finite event DAG.

Theorem 5.15 (Cut-state conservation). Every temporal cut-state certificate satisfies

mgm]—i-ZZa, ZEQZ(K]—m[)+.

acAr a€Ar

Interaction and nonlinear local encoding do not improve the inequality.

Proof. The initial receiver state and ordered forward transcript determine every receiver-local event, reverse message,
and required output by induction over the event DAG. Their joint alphabet has at least 27 values and at most
21 [ ],e A 2¢e . Taking logarithms proves both forms. O

Theorem 5.16 (Fractional certificate packing). For any family of valid certificates j, with forward-event sets A;
and fractional weights o; > 0 satisfying

Z oj <1 for every event a,
jia€A;
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total charged traffic obeys

Q= aj(r; —my)s.

J

Proof. This is the standard fractional-packing/linear-programming composition [51]. Multiply each instance of
Theorem 5.15 by «;, sum, exchange the order of summation, and use the per-event charging constraint. O

Conservation as a realization identity. The inequality is an information balance across a temporal cut. At
the beginning of the service window, the receiver possesses at most m; bits of relevant state. During the window,
the ordered forward transcript contributes at most > /¢, additional bits of log-cardinality. Every receiver state
attainable at the end must be indexed by the pair consisting of initial state and forward transcript. The number
of required distinctions therefore cannot exceed the product of those two state spaces. Reverse interaction may
determine which forward symbol is useful, but once the receiver input is fixed it cannot create a sender-side
distinction that never appears in the initial state or forward transcript.

This form makes the storage-communication tradeoff explicit: prepositioning one additional relevant bit can
reduce the lower bound on forward traffic by at most one bit in the same service window. Replication, caching, and
checkpointing are realizations that move along a joint state—traffic geometry.

Three classical projections follow after adding distinct service contracts.

(i) Bandwidth—time. If a complete cut supplies at most B bits per unit time and no relevant state is prepositioned,
cut-state conservation gives
BT > k.

(if) Atomic I/0 partition. Under the standard atomic-word red—blue pebble contract, let Hp(.S) be the minimum
number of parts in a classical S-partition of the noninput vertices of DAG D. The parts are disjoint and
exhaustive, their quotient is acyclic, each has a dominator set of at most S vertices intercepting every
input-to-part path, and

Min(V;) = {v € V; : no immediate successor of v lies in V;}

has cardinality at most S. Segmenting an execution after every M I/O moves creates a Hong—-Kung
2M-partition, hence
Q> M(Hp(2M) - 1).

This inequality follows from the atomic-DAG partition spectrum and pebble contract; it is not obtained by
silently identifying a memory move with a static tree-cut symbol.

(iii) Two-dimensional area—time. Suppose every admissible balanced bisection has an orientation Ay — By with
forward service Bg‘igﬁB 0 <L 7\/Z, a valid oriented cut-state certificate requiring xy;s distinctions, and at most
mpis relevant prepositioned bits on By. With

t
Kpis = (Kbis = Mbis) 4+,

conservation yields

net\2

AT2 > (’V‘:bis)
iy 2 .

v

This projection uses cut-state conservation plus the two-dimensional service and separator law.

Table 1: Temporal cut-state conservation and its separately registered projections. Bandwidth—time follows from the
service-window theorem; Hong—Kung I/O and Thompson-style AT? require, respectively, atomic-DAG memory and when-
and-where-oblivious planar-separator contracts.

Projection Additional service contract Resulting bound
Bandwidth—time Complete cut, service at most B bits per BT > &
unit time, no relevant prepositioned state
Atomic I/0 Red-blue pebble execution, M-move Q> M(Hp(2M)—1)
segmentation, valid 2M-partition
Two-dimensional Balanced cut, forward service at most AT? > (kP12 /42
VLSI VA, net distinction st
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The causal state-and-transcript count becomes a reusable typed certificate by registering cut, initial state, service
window, and accounting rule. Fractional packing composes overlapping certificates, while the three service laws
above translate the same semantic conservation statement into bandwidth-time, I/O, and area-time consequences.
No genealogy may be inferred from static x alone, and the Hong—Kung and area—time projections remain model
scoped [5, 25].

6 The CRG abstraction ladder and decision-sufficient geometry

Typed units and normalization. CRG signatures are typed rather than dimensionless: state bytes, traffic
bytes per operation, event counts, causal depth, work, energy, area, temperature, and reliability coordinates retain
their declared units. Coordinates are not assumed commensurate. Convex combinations, norms, or scalar prices
are interpreted only after the resource contract or technology ledger supplies the required normalization and unit
conversion.

Definition 6.1 (Admissible decomposition system). The decomposition system Dec,(F') has as objects the tree
hierarchies, terminal placements, and local site rules admitted by A. Its structure maps are semantic hierarchy
isomorphisms and connected-fiber contractions q : T — T’ equipped with the typed pushforward q.p of Theorem 3.2.
Identity and composition are inherited from the tree maps. A contract outside the core calculus is admissible only
when its legal-realization semantics and pushforward coherence are supplied explicitly.

Definition 6.2 (Realization bundle, signature regions, and CRG). Fiz F, p, and T € Dec,(F'). Let
Pr(T)
be the registry of p-legal hierarchical realizations P, modulo semantic-preserving renaming of internal states. Let
o7 : Pu(T) — RCJIF(T)
extract the declared typed interface signature, or a declared projection of it. Define the exact attainable region
R(T) = o7 (Pp(T)),

the closed upper obligation region
L% (T) = cl(up R%(T)),

and the conver linear-cost body
K2(T) = cleconv 4 (T).

The computation-realization geometry is the decomposition-indexed system

64 = (Dec, (), {PE(T) <5 RE(T). TH(T). K4H(T)}Ama}a) -

The levels retain different information. The registry P distinguishes architectures, event structures, and
embeddings. The exact image R retains jointly attainable, possibly nonconvex signatures but forgets architecture
identity inside a signature fiber. The upper region I' is the exact quotient for continuous monotone interface-
obligation observations. The convex upper body /X is the further quotient seen by additive nonnegative prices and
explicitly admitted amortized mixtures. The term geometry denotes this resource-indexed feasible system, not a
Euclidean placement, signal constellation, or smooth manifold. A selected algorithm may have an intermodule
communication geometry in the classical sense [1]; here topology and technology remain unfixed until the contract
and observation are chosen.

6.1 Why the geometry has four levels

The ladder is derived from the information required by the decision, not from an aesthetic preference for several
sets. Three distinct losses occur.
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From P to R: forgetting realization identity. The signature map partitions P into fibers
or'(r) ={P e PL(T) : o7(P) =r}.

Two realizations in one fiber consume the same retained coordinates, yet can have different event DAGs, schedules,
layouts, reliability structure, or legal embeddings. Any objective that inspects those distinctions remains a function
on P, not merely on R.

From R to I': forgetting exact slack. For r € R and s > r coordinatewise, s represents a provisioned budget
that can serve the realization with signature r. A continuous monotone cost can never prefer s to r, so adjoining
every such s changes neither the optimum nor the complete response map. Closure adds limits of attainable or
provisioned sequences, exactly the information needed for continuous queries. Hence I' = clup R is the canonical
quotient for that observation class.

From I' to K: forgetting nonconvex distinctions. For an additive nonnegative price w, the value of a
signature is (w,r). Linear functionals have the same infimum on a set, its convex hull, and its closure. Upper
closure is likewise invisible because w > 0. Therefore every such price sees precisely K = clconvI. A nonlinear
monotone objective can still distinguish I' from K, and a realization-sensitive objective can distinguish P from all
three signature images.

Definition 6.3 (Decision equivalence and sufficient representation). Let © be a class of real-valued decision
objectives on a realization family. Two retained families o7, B C P are ©-equivalent when

inf D(P)= inf D(P De®.

AL, PP = R, DU Jor cvery

A representation Q is sufficient for © when equality of Q for two families implies their D -equivalence, and complete
when the converse also holds.

Theorems 6.9 and 6.11 show that I' and K are complete representations for their respective decision classes. In
the terminology of statistical decision theory, they play a role analogous to sufficient information structures; in
the terminology of abstract interpretation, they are exact abstractions for the named query classes. CRG adds
realization semantics and technology-conditioned selection to that sufficiency statement.

The diagram is also a statement about information flow through a design process. The map o7 forgets which
realization produced a given signature. Upper closure forgets whether a larger provisioned point is itself attained,
because every monotone resource objective treats it as no better than a dominated attainable point. Convexification
forgets nonconvex distinctions that no additive price can observe. No further reduction is licensed without specifying
a smaller decision class.

6.2 Invariance and coherent hierarchy maps

Proposition 6.4 (Semantic isomorphism invariance). Suppose F’' is obtained from F by bijective relabelings
of input alphabets, output alphabets, and terminal identities. Relabel every hierarchy and conjugate every local
realization map by those bijections. This gives coordinate-preserving bijections

RE(T) = RE(T'), TR(T) =T5(T'), Ki(T) =K% (T).
Thus the geometry depends on semantic structure and the resource contract, not on symbol names or terminal labels.

Proof. Conjugating a legal protocol or circuit by terminal bijections preserves its event structure, resource use,
accounting convention, and interface traffic; the inverse relabeling recovers the original realization. O

Definition 6.5 (Hierarchy contraction and signature projection). A contraction q : T — T’ partitions V(T) into
connected fibers and replaces each fiber by one supervertex; terminal placements are pushed forward by q. Since T
is a tree, every edge ¢’ of T' corresponds to a unique edge e of T joining the endpoint fibers. For an edge-indexed
signature ¢, define

(TgC)er = Ce.
Other retained coordinates are pushed forward by their declared aggregation laws in q.p.

Theorem 6.6 (Hierarchy-contraction consistency). For every admissible contraction q : T — T':
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(a) the canonical directed contextual state on every surviving oriented cut is unchanged up to canonical isomorphism;

(b) every legal causal realization on T pushes forward to a legal realization on T' with retained traffic vector mqc
under q.p; and

(c) consequently,

mgRE(T) CRE(T),  mUp(T) CTE(T), 7o Ke(T) € KE(T).

Proof. For a surviving edge, contraction does not change the two terminal sets separated by its cut, so the contextual
equivalence relation is identical. For a general protocol, treat each connected fiber as one local superprocessor and
execute all events internal to it locally. Only messages crossing the unique fine edge corresponding to a coarse
edge remain, producing m,c. Upper closure, topological closure, convexification, and coordinate projection give the
stated inclusions. O

Theorem 6.7 (Decomposition-system coherence). The structure maps satisfy
Tid, = id, Trog = Ty O T,

and their contracts satisfy (r o q)«p = 1+(qsp). Semantic hierarchy isomorphisms act by coordinate bijections and
commute with the projections. Thus &% is a coherent decomposition-indexed system, not a bare collection of feasible
Tegions.

Proof. Every surviving coarse edge corresponds to the same unique original tree edge whether contractions are
applied at once or successively, so coordinate restriction composes exactly. Connected-fiber localization and
aggregation of retained resource charges are associative by Theorem 3.3. Relabelings only rename coordinates and
local symbols and hence commute with projection. O

6.3 Monotone reconstruction and linear duality
Definition 6.8 (Monotone interface-cost response). For a continuous coordinatewise nondecreasing ® : Ri(ﬂ — Ry,
define

VF,p,T(@) = r€712npf(7—) (I)(T)7
F

with value +o0o if the hierarchy is infeasible.

Theorem 6.9 (Reconstruction by monotone interface observations). For every feasible hierarchy T :
(a) every continuous coordinatewise nondecreasing cost satisfies

V(@)= i o)

(b) the full response ® — Vi, 7(®) reconstructs T'%(T) ezactly. In particular, for a € ]Ri(T), let

®o(2) = [[(z = @) [|oo-

Then

[0 eTHT) = Vi,r(®,)=0]

(¢) the decomposition-indezed response functional (T,®) — Vg, 7(®) and the family of upper obligation regions
{T%(T)}r determine one another, up to coordinate relabelings declared by p.

Conversely, those regions determine every query in this observation class. The completeness claim does not extend

automatically to objectives depending on a realization fiber, causal timing, switching activity, or physical embedding.

Proof. Monotonicity gives inf,, gz ® = infg ®: increasing any provisioned coordinate cannot improve the cost.
Continuity preserves the infimum under closure, proving (a).

If a € T, then ®,(a) = 0. Conversely, if the infimum is zero, choose z,, € T with ||(z,, — @)+ |lcc — 0 and set
Yn = Tpn V a coordinatewise. Upper closure gives y,, € I', while y,, — a; closedness gives a € I'. Applying this
membership test on every admissible hierarchy proves (c), and the converse follows from (a). O

Definition 6.10 (Lower linear support cost). For w € Ri(T), define

hepr(w)= it (o)
F
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Theorem 6.11 (Linear-cost-body duality). Let K C R be nonempty, closed, convex, and upper closed, and put
hic(w) = infyexc(w, x) for w > 0. Then

‘/C ={z e R} : (w,x) > hxc(w) for every w € RT}‘

Thus the optimum under every additive nonnegative interface-price system uniquely determines the linear-cost body

[2].

Proof. Every x € K satisfies the inequalities by definition. Conversely, let = ¢ K. Strong separation gives a and «
with
(a,z) < a < {a,y) foreveryy e K.

The separator must satisfy a > 0: if a; < 0, upper closure would put y+te; in K for every t > 0, driving (a, y +te;)
to —oo. Hence a is an allowed price vector and {a, z) < hx(a). O

Corollary 6.12 (Linear-price completeness). For a fized hierarchy, K5%(T) and the response h(w) determine one
another, and distinct bodies are separated by a nonnegative price vector. Convexification is exact for additive linear
interface prices; general monotone costs require I', while objectives distinguishing realizations with one signature
require P.

Definition 6.13 (Decision-response equivalence). Let € be a class of objectives on a common signature space. Two
nonempty realization families o7 and $B are €-equivalent when

inf C P))= inf C P Cec
Juf Clor(P)) = jnf Clo7(P))  for every
A statistic of a realization family is decision sufficient for € when equality of that statistic is equivalent to
C-equivalence.

Theorem 6.14 (Canonical decision quotients). Fiz F, p, and T.
(a) For the class & of continuous coordinatewise nondecreasing signature objectives, the map o/ +— L'y is a
complete decision-sufficient statistic.
(b) For the class € of additive objectives ¢ — (w, c) withw > 0, the map o +— Ko is a complete decision-sufficient
statistic.
(¢) Neither quotient is complete for objectives that distinguish realizations in the same signature fiber; those
objectives require the registry P or an enriched signature.
Consequently, the ladder P — R — I' — K is an ordered family of exact observation quotients rather than a
sequence of heuristic summaries.

Proof. Part (a) follows from Theorem 6.9: the complete monotone response reconstructs the upper region, and the
upper region computes every response. Part (b) follows from Theorems 6.11 and 6.12. For (c), choose two distinct
realizations P;, P, with o7 (P;) = o7 (P2) and an objective that assigns different costs to their schedules, causal
structures, or embeddings. Every statistic factoring only through the common signature gives them the same value,
whereas the realization-sensitive objective separates them. O

The theorem is a deterministic design analogue of statistical decision sufficiency: the sufficient object is defined
by the family of questions that must remain answerable. It also supplies the precision order for abstraction. When
only additive prices remain, K is sufficient. When nonlinear monotone constraints or bottleneck objectives remain,
T" is required. When exact discrete alternatives matter, R is required. When schedule, architecture, or physical
embedding matters, the realization fiber must be retained.

6.4 Safe commitment and insufficiency of scalar summaries

For a retained family @ # o/ C P4 (T) and an admissible signature objective C, define the commitment regret

Regret () = Pllél; C(or(P)) — Pegl;f(ﬂ C(or(P)) > 0. (6.1)

A reduction is safe for a declared decision class exactly when it leaves every optimum in that class unchanged. The
next theorem identifies the corresponding geometric invariants.
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Theorem 6.15 (Safe-Commitment Law: universal lossless retention). Let @ # o/ C P(T) be a retained realization
family and define
Iy =clupor(&), Ko =clconvly.

Then:
(i) o preserves the optimum of every continuous coordinatewise nondecreasing signature objective if and only if
Ly =T5%(T);
(ii) it preserves the optimum under every additive nonnegative price if and only if Ko = K%(T); and
(iii) if either equality fails, a member of the corresponding observation class has strictly positive commitment
regret in the sense of Equation (6.1).

Proof. Suppose first that Iy = I'%.(7). Every continuous monotone objective has the same infimum on a realization
family and on the upper closure of its signatures by Theorem 6.9; hence the retained and full optima agree. The
same argument with linear-cost duality proves sufficiency of K = K% (7)) for additive prices.

For necessity in the monotone class, assume every monotone optimum agrees. For any a € ch_(T), apply the
membership probe ®,(z) = ||( — a)+||co. The retained response is zero exactly when a € I';, and the full response
is zero exactly when a € I'Z.(T). Equality of all responses therefore gives pointwise equality of the two regions.

For necessity in the linear-price class, equality of every nonnegative linear response gives the same support
function on the nonnegative orthant. Theorem 6.11 reconstructs the two closed convex upper bodies from those
responses, so they are equal.

Finally, if oy # I'%(7), choose a in their set difference. The probe ®, has full optimum zero and retained
optimum strictly positive, producing commitment regret. If the convex bodies differ, strong separation by a
nonnegative vector w gives an additive price whose retained optimum is strictly larger than the full optimum.
These objectives are explicit witnesses to the information lost by the reduction. O

Corollary 6.16 (Strict engineering-cost separation). Let I'oy C I' be closed upper sets generated by a retained
family o7 and by the full legal realization family, respectively. Then there exists a continuous, coordinatewise strictly
increasing, coercive cost ® : ]Ri — R4 such that

inf ®(z) < inf P(z).

W < g

Consequently, loss of the monotone-decision geometry is witnessed by an engineering-style cost that penalizes every
declared resource, not only by a membership probe.

Proof. Choose a € T'\ T'yy and set

= inf - .
0= f |l(z—a)fleo

Closed upperness implies § > 0: otherwise a sequence in I',, would approach a after taking coordinatewise maxima
with a, and closedness would place a in I'yy. Choose

1)
0 7
<e< 1+Ziai

and define
o) = (@ — @) llow +2 > s
i

The positive linear term makes ® coordinatewise strictly increasing and coercive. Every x € ', satisfies ®(z) > 0,
whereas ®(a) = ¢, a; <. Since a € I, strict separation follows. O

Corollary 6.17 (Finite-registry retention tests). Suppose Pn(T) is finite.
(a) A retained family is complete for all continuous monotone signature objectives exactly when every discarded
signature is coordinatewise dominated by a retained signature.
. " . . . . . d(T
(b) 1t is complete for all additive nonnegative prices exactly when every full signature lies in conv(oy () —&—RJF( ).
(¢) If a named finite technology ledger © has attained minima, the smallest requirement is argmin hitting:

&/ Nargminp Cy(P) # & for every 6 € O.

Proof. For a finite set, the minimal points of its upper closure are precisely the nondominated signatures, proving
(a). Convexification of a finite upper set is conv(c(P)) +R%, proving (b). For (c), the retained and full minima
agree at technology 6 exactly when the retained family contains at least one member of the attained full argmin
set; quantifying over © proves the statement. O
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Safe-commitment principle. Within the declared observation class, a realization may be discarded only when
the relevant geometry is unchanged. Equivalently, discard a realization only when every future decision in that
class is unable to detect that it is gone.

Derivation of the law

The equivalence can be read constructively in both directions.

Sufficiency. If T'yy =T, then every continuous monotone objective has the same infimum on the retained and
full families because both optimize over the same complete upper region. If K, = K, the same statement holds for
every additive nonnegative price by linear-cost duality.

Necessity. Suppose the retained upper region omits a point @ € I'. The probe

Po(z) = [|(z — a)+]loo

has full-family optimum zero but retained-family optimum strictly positive; it is therefore an explicit witness of
commitment regret. If instead the convex bodies differ, a nonnegative separating price w gives a strict value gap.
The law is thus not a heuristic preference for diversity. It is a complete equivalence between a geometric equality
and preservation of an entire class of future decisions.

Three worked retention regimes

Universal monotone regime.
Every resource objective that is continuous and worsens when any coordinate increases remains admissible. A
discarded finite-registry point is safe exactly when a retained point dominates it.
Additive-price regime.
Future decisions are restricted to w - r with w > 0. A discarded point can remain safe even when it is not
dominated, provided it lies in the convex upper hull generated by retained points.
Named technology ledger.
Only a finite set of technology/objective pairs remains open. It is sufficient to retain a family that intersects
the argmin set of every ledger entry, as formalized later by the argmin-hitting theorem. This quotient can be
much smaller than either universal geometry.
These regimes separate a universal theorem from a practical retention policy. The decision class is declared first;
the smallest sufficient realization record follows from that declaration.
For a finite registry, universal monotone retention means that every discarded signature is dominated by a
retained one. Linear-price retention permits the weaker test

R4(T) C conv(or (<)) + Ri(T).

These statements are universal only relative to their named observation classes; a fixed finite technology ledger can
require less data.

Theorem 6.18 (Strict insufficiency of marginal and scalar summaries). There are two closed upper feasible regions
with identical coordinate floors, minimum total traffic, and minimum bottleneck width, but different technology-price
responses. Let

Ty :up{(la2)7(2a 1)}a I'sp :up{(1a3)7(271)}
Both satisfy
(inf zy,inf o) = (1,1), inf(x; + x2) =3, inf max{zy,x2} = 2.
Yet for w = (10,1),

inf (w,z) =12, inf (w,x) =13.
€l A z€lp

The jointly realizable region therefore retains operational information lost by coordinatewise minima, total width,
and bottleneck width.

Proof. Evaluate the two Pareto-minimal points of each upper region. Under w = (10, 1), (1,2) minimizes I"4 at 12,
while (1, 3) minimizes I'p at 13; (2,1) costs 21 in both. O
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Example 6.19 (Why the exact region cannot be convexified universally). Suppose the only exact signatures are
r=(0,2) and s = (2,0). Their convez linear-cost body contains (1,1). Every linear price has the same infimum on
the two raw points and on the body, but the monotone convex objective ®(c) = max{cy,ce} has exact optimum 2
and convex-relaxation optimum 1. Thus K is exact for linear prices, R preserves discrete joint alternatives, and P
is required to preserve architecture identity within each signature fiber.

Proposition 6.20 (Price reversal for incomparable signatures). If 7,5 € R7" are incomparable in coordinate order,
there are nonnegative prices w,w’ such that

(w,r) < (w,s), (w',s) < (w',r).
No price-independent monotone scalar ranking can therefore agree with every nonnegative linear price system.

Proof. Incomparability gives coordinates i,j with r; < s; and r; > s;. Take w = e; and w’ = e;. O

7 Monotonicity and composition
Proposition 7.1 (Resource monotonicity). If p < p/, then on every hierarchy admissible under both contracts,
Re(T) S RE(T), Tp(T) CTR(T), Kp(T) € KR(T),
and
hip (W) < hp,p7(w)  for all w > 0.
If N also admits more hierarchies than A, a global hierarchy optimum can only improve further.

Proof. Relaxation is inclusion of legal realizations by definition. Applying o7, upper closure, closure, and
convexification preserves inclusion. Taking an infimum over the larger body proves the price inequality. O

Proposition 7.2 (Local data processing). Suppose F' = pout © F 0 pin, where pi, and pout are implementable locally
at the input and output terminals for free under p. Every realization of F' then induces a realization of F' with the
same interface signature. Hence

K (T) 2 KR(T),  hprpr(w) < hpp7(w).

Local processing can encode or discard communication demand, but cannot make the derived task more erpensive
under the same interface prices.

Proof. Precompose each input terminal with p;,, run the realization of F', and postcompose its output terminals
with pout. The added maps are local and free, so no interface coordinate changes. Region inclusion and the
support-cost inequality follow. O

Theorem 7.3 (Exact product additivity for canonical summaries). Let Fy and F» have disjoint input and output
alphabets placed on the same tree, and consider their product computation Fy X Fy. In the separable directed-summary
model,

F1 x F: F F:
Qu1—i<v ’= Qul—w X Qu2—>v

on every oriented edge, and therefore
Ko (F1 X F3) = Kyyp (F1) + Ky (F2).
If & = [K] is the minimum fized-bit width of one canonical summary, then
R(F1) + R(F2) — 1 < R(Fy x Fy) < R(F1) + R(Fy).

Semantic capacities add exactly; joint fired-bit packing can save at most one bit per directed interface relative to
separate rounding.

Proof. If two product-side assignments are equivalent for both component outputs on the opposite side, they are
equivalent for the ordered output pair. Conversely, if they are inequivalent for either component, fix all variables of
the other component and use a distinguishing opposite-side context for the first; the ordered output differs. The
equivalence relation is therefore the Cartesian product relation, class cardinalities multiply, and logarithms add.
The fixed-bit inequalities are the elementary bounds for the ceiling of a sum. O
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Proposition 7.4 (Constructive subadditivity and communication synergy). Let Fy, Fy be governed by p1, p2, and
suppose the product contract p1 @ ps permits side-by-side execution with additive local resources. In any interactive
realization model closed under that parallel execution,

Ry sy oy @p0, T (W) < By oy 7 (W) 4 By, 7 (W),

Define
Syn, (F1, F2) = hiy py, 7 (W) + Wiy pp 7 (W) = Ry x By pr@po, 7(W0) > 0.

This is the price-weighted communication saved by shared encodings, intermediate computation, or control relative
to separate realization. Erxact direct-sum behavior is the case Syn,, = 0; information-complexity direct-sum results
are neighboring tools [3, 4].

Proof. Choose realizations of the two tasks arbitrarily close to their separate infima and execute them side by side.
The product contract makes their signatures additive, so the resulting price is the sum. Taking the infimum over
all joint realizations gives the inequality and nonnegativity of Syn,,. O

Serial composition has the analogous constructive bound: concatenate realizations and eliminate the intermediate
terminal. Joint optimization may improve it by fusing the intermediate representation; that serial fusion gain is the
sequential analogue of Syn,,. It is a quantity defined by the full geometry, not an automatic equality.

8 Analytic component certificates

The design calculus becomes operational when a computation has both a scoped converse and constructive
realizations. Dense matrix multiplication and exact attention provide complementary cases. Matrix multiplication
exposes a memory—traffic—collective frontier; attention exposes a traffic-storage-recomputation frontier. Neither
has a technology-independent scalar winner.

8.1 Dense matrix multiplication across memory levels

Consider classical n x n dense matrix multiplication restricted to the conventional ©(n?) scalar-product DAG.
For a two-level memory hierarchy with M fast words, established pebble and geometric bounds give Q(M) =
Q(n3/v'M + n?), while blocked algorithms attain the same order under the usual cache assumptions [5, 6].

Theorem 8.1 (Multilevel matrix-multiplication bracket). Let My < --- < My, be the cumulative fast-side capacities
exposed by an inclusive multilevel contract, and let q; be words moved across interface i. Inputs begin beyond each
modeled interface and the final output is returned beyond it. There are constants cq, Cy > 0 such that every legal
classical realization satisfies

3
%’200( +n) (1<i<L),
\/fui

while one cache-oblivious recursively blocked realization simultaneously satisfies

3

n
i < C
4= O(M

at every level obeying the declared ideal-cache assumptions [7]. Thus one outer orthant and one jointly realizable
inner point certify the multilevel traffic projection within a constant factor.

+n2> (1<i<L)

Proof. At level i, contract every faster level into the declared cumulative M;-word fast side and apply the two-level
lower bound to that complete interface. For achievability, the same cache-oblivious recursion induces a legal blocked
schedule at every ideal-cache level simultaneously. The claim therefore does not combine incompatible per-level
optima or count one transfer at several levels without accounting. A noninclusive hierarchy must replace M; by the
actual capacity available on the contracted fast side. O

The same structured computation also yields a scale exponent. For a set S C [n]? of g = |S| multiplication
triples, the discrete Loomis—Whitney inequality gives

S < Ima(S)] |75 ()] 7 (S)]-
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Table 2: Declared public technology-coordinate library. Payload rates are ideal one-direction cluster projections, not
protocol or contention measurements.

Technology row Payload Link energy Status
UCle-S, 32 GT/s 64 GB/s  0.50 pJ/bit public target anchor
UClIe-A, 32 GT/s 256 GB/s  0.25 pJ/bit public target anchor

UCle-A, 64 GT/s 512 GB/s  0.25 pJ/bit rate anchor; energy proxy
Local fast state 32 or 96 MiB — public cache-capacity anchors

Table 3: Modeled n = 8192, Kchip = 64 projection with two-byte words. Time uses one ideal UCle-A32 cluster on the
critical interface.

¢ Memory/chiplet Traffic/chiplet Stages Transfer time Link energy

1 6.0 MiB 32.00 MiB 8 131.1 us 2.147 mJ
2 12.0 MiB 22.63 MiB 4 92.7 us 1.519 mJ
4 24.0 MiB 16.00 MiB 3 65.5 us 1.074 mJ

Hence at least one operand/output projection has size Q(g?/3); cubic blocks attain O(g?/?). The natural classical
blocked realization therefore has the interior demand law

R(9) = ©(¢*").

This is a result for the registered structured computation, not for every Boolean circuit computing matrix
multiplication.

8.2 A certified 2.5D technology map

On Kcnip processor-chiplets with per-chiplet fast memory M, classical distributed lower bounds include a per-chiplet
communication floor of order Q(n®/(Knipv'M)) under the declared distribution assumptions [8, 6]. The 2.5D
family introduces a replication factor 1 < ¢ < K Cl}(i?;) and, up to constants and logarithmic latency terms, obeys

M(c) = @(f’fi) 00 = @(\Z%) . R(o)= O<@+logc>

[9]. The numerical certificate declares the constructive leading model

q(c) = j:iK, m(c) = Ig(ii’ r(c) = L/Kchip/c;‘ + [logy c] .

The constants are model coordinates; the exchange of memory for traffic and collective stages is inherited from the
cited algorithms and converses.
For Knip = 64, two-byte words, and ¢ € {1,2,4}, feasibility under local memory budget Myax is exactly

3cn?

chip

(2 bytes) < Mpax.

Both (qc) and (rc) decrease with ¢, so the largest feasible replication factor is Pareto dominant for every monotone
traffic-round objective in this declared family.

The UCle rows use public rate classes and the declared energy proxies [10, 11]; the local-state anchors follow
public processor documentation [12]. Together they define a public-anchor technology library whose rows are
explicit technology coordinates for the design calculus.

The resulting memory-conditioned selection is

32 MiB/chiplet c*

n < 9459 4

9459 < n < 13377 2

13377 < n < 18918 1
n > 18918 infeasible in the declared local-memory model.
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Certified 2.5D GEMM memory-replication phase map, P =64
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(a) Memory-conditioned replication. (b) Declared UClIe projection.

Figure 1: The 2.5D realization family is retained until memory and link technology are declared.

With 96 MiB per chiplet, the ¢ = 4 region extends to n = 16384. The public link rows quantify the value of a
selected realization but do not change the largest-feasible-c ordering in this idealized family.

Collective capability can reverse a different pair of realizations. At Kgnip = 64, a one-dimensional replicated-B
point with effective collective stage count r has typed signature

zip(r) = (63,7,1.03125),

while the declared two-dimensional SUMMA point is zop = (14, 8,0.046875) [13, 14]. Under price C' = wgq+ wgr +
wprm, the one-dimensional realization can win only for r < 8, and then exactly when

49wq + 0.984375wps

R 8—r

The reversal is attached to an explicit collective capability rather than an unstated communication primitive.

8.3 Exact attention: recomputation versus storage

Let Q, K,V € R¥*? and consider exact attention O = softmax(QK7T)V with fast memory M scalar elements. The
conventional realization materializes N x N score and probability matrices; the tiled realization retains rowwise
normalization state and recomputes blocks when required.

Theorem 8.2 (Imported exact-attention I/O bracket). For d < M < Nd, standard exact attention has
Qstd :G(Nd+N2)7 Sstd :e(N2)7
whereas FlashAttention achieves

N2d?
M

Qﬂash = @< ) ) Sﬂash = O(N),

while spending additional local work through recomputation. The cited analysis proves 1/0 optimality over the stated
SRAM range [15].

The theorem supplies incomparable typed points, not one scalar winner. For d = 64 and 128, the asymptotic
crossover M > d? corresponds to only 8 and 32 KiB for two-byte elements, but implementation constants and
additional work still require an explicit objective.

For the published A100 forward-plus-backward GPT-2-medium measurement, the reported points are

zeta = (Q, F,T) = (40.3 GB, 66.6 GFLOP, 41.7 ms),

Zlash = (4.4 GB, 75.2 GFLOP, 7.3 ms)
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Attention CRG phase map from published A100 signatures

—— break-even
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(a) Typed phase plane. (b) I/0O and state scaling.

Figure 2: Traffic, work, and storage jointly determine the attention realization boundary.

[15]. Under typed additive cost C' = wgoQ + wpF + wgS, the tiled realization is preferred exactly when

35.9wQ + ASwg > 8.6wp, AS = Ssta — Sfasn > 0.

With zero storage price, the break-even is approximately 0.240 FLOP /byte. Public A100 peak/bandwidth ratios
are approximately 838x larger on the BF16 tensor-peak basis and about 52x larger on the FP32 basis [16]; this
establishes the arithmetic-intensity separation; measured kernel time additionally depends on utilization, scheduling,
and the remaining typed coordinates.

8.4 Cross-stage state and layout laws

The end-to-end application joins attention and an MLP. Two general facts prevent isolated stage optima from being
multiplied together without a joint resource check.

Theorem 8.3 (Static provisioning and time-shared state). Let two isolated modes require usable state m4 and mp
on a chiplet with budget M.
(i) A static fused realization with dedicated simultaneously instantiated engines is infeasible when my +mp > M.
(i) A sequential universal realization that reuses one state pool is state-feasible when max(ma,mp) < M.
The two statements belong to different realization contracts; time sharing must expose any efficiency cost rather
than treating reconfiguration as free.

Proof. Dedicated state occupies disjoint capacity and adds. State used in disjoint time intervals occupies the
maximum. An embedding cannot transform one resource aggregator into the other without changing the realization.
O

For layout conversion, let Konp, = CT = C'T’ chiplets implement aligned two-dimensional layouts over a

normalized activation tensor. Let SiiK:“l“‘p and THK:’{p be the equal-area source and target rectangles. Each tensor

element has one source and one target owner; chiplet relabeling is free and bijective. Compression, recomputation,
replication, coding, cached duplicates, unequal-capacity placement, routed congestion, latency, and energy are
outside this conversion contract.

Theorem 8.4 (Exact aligned-layout assignment). After optimal chiplet relabeling, the exact retained and minimum
moved fractions are

Kenip
“(C, 0" = Si N T, (O, =1-r*(C,C".
r(C,C") wergifhip;| @h w0 r(C,C")
IfC|C orC"| C, then
. ~  min(C,C") . , min(C, C")
= — =1—-—.
G max(C,C")’ e, max(C,C")
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Exact assignment-based layout movement, P=12
Nonnested factors expose the limit of the closed form
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Figure 3: The Kchip = 12 nonnested example separates the general assignment law from the nested closed form.

For nonnested factors the closed form need not hold.

Proof. Under a relabeling 7, chiplet 7 retains exactly |\S; N Ty (;|, so maximizing retention is a maximum-weight
perfect assignment. Retain every selected intersection and move only each target remainder from its unique source
owner; this realizes movement equal to one minus retained measure. Conversely, every element outside the retained
intersections must change owner.

For the nested case C' = kC, each nonempty intersection has area at most 1/(kK), so total retention is at
most 1/k. The intersection graph is k-regular and bipartite, hence has a perfect matching attaining 1/k. The case
C > (' is symmetric. O

At Kepip = 12,C = 4,C" = 6, the exact retained fraction is 1/2, not 2/3, which shows why nesting is load
bearing. Auto-sharding systems already price resharding; the result here is the exact optimal-relabeling law under
its declared ownership contract [17, 18].

These component certificates now supply the end-to-end case with scoped converses, constructive stage modes,
state aggregators, and an exact ownership conversion law. The remaining question is which joint realization wins
once all resources and package obligations are conserved simultaneously.

9 Worked realization geometries
The following examples make the abstraction ladder explicit without relying on asymptotics or physical calibration.

9.1 Broadcast and parity

Place one binary source at a vertex of a tree and require copies at a set of terminals. Across an oriented edge that
separates the source from at least one consumer, the two assignments 0 and 1 are contextually inequivalent, so the
canonical forward quotient has two states and capacity one bit. The reverse quotient is trivial. The same one-bit
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distinction can cross arbitrarily many interfaces as the distribution tree grows; semantic information and physical
multiscale incidence are therefore distinct coordinates.

If every vertex instead holds a source bit and must output the parity of all source bits, each side of every
nontrivial cut has one local parity summary. One bit is required in each direction. Broadcast and parity thus have
the same one-bit local state size but different directional obligation geometry.

9.2 INDEX and price reversal

In the INDEX problem, Alice holds = € {0,1}", Bob holds i € [n], and Bob outputs z;. A one-way Alice-to-Bob
realization has signature r = (n,0) in the two directional traffic coordinates. An interactive realization has signature
s = (1, [logyn]). For price w = (wap,wpa),

Cy(r) = nwag, Cw(s) =wap + [logan|wpa.

The interactive protocol is selected when (n — 1)wap > [logy n|wp4; the one-way protocol is selected in the reverse
regime. The computation has no price-independent preferred protocol.

9.3 Why R, I', and K differ
Let the exact signatures be r = (0,2) and s = (2,0). Then

R = {r,s}, I=(r+R})U(s+R3), K = conv{r, s} + R%.
The midpoint (1,1) belongs to K but not to R or I'. Therefore

inf max{zy,2z2} =2 inf max{xy,zo} = 1.
z€ER { ) } ) wEK: { ) }
Convexification preserves every additive price but changes this monotone nonlinear decision. Coordinatewise
minima are also fictitious: each minimum is zero, but no legal realization attains (0,0).

Retaining only r incurs regret under w = (1, 3):

Regret,, ({r}) = (w,r) — min{{w, r), (w,s)} =6 — 2 = 4.

This explicit separator is the elementary form of the Safe-Commitment Law.

9.4 Technology as an observation of the geometry

A technology point does not alter a semantic obligation merely by pricing it. If the legal family and embedding
capabilities are unchanged, a new price vector exposes another point of the same /C. If the technology introduces a
new primitive or hierarchy, the resource contract changes and a new legal realization may appear outside the old
geometry. The former operation is repricing; the latter is branch reopening.

10 Conclusion

Computation-realization geometry separates three questions that physical computing must answer in order: what
the computation requires semantically, which realizations are legal under a resource contract, and which observation
of the realization family is sufficient for a later decision. The registry P preserves realization identity and causal
structure; R preserves exact joint attainability; I' preserves every continuous monotone resource decision; and I
preserves every additive nonnegative-price decision.

The Safe-Commitment Law turns this hierarchy into an exact design principle. A realization may be discarded
precisely when the object required by the future decision class remains unchanged. The contextual-state, interactive
linear, carrier, conservation, reconstruction, and composition theorems show that semantic obligation, attainable
realization, and decision sufficiency can be expressed in one formal object.

CRG therefore supplies a foundational intermediate layer between abstract computation and physical technol-
ogy. Communication-complexity converses, network regions, circuit constructions, memory-traffic laws, compiler
transformations, and technology prices become compatible slices of a common realization geometry while retaining
their distinct assumptions and units.
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