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Abstract
A computation specifies a semantic relation, not one inevitable algorithm, hierarchy, architecture, or physical

implementation. This article introduces Computation–Realization Geometry (CRG), a computation-first theory
of the legal ways a declared computation can become physical. A computation and resource contract define
a hierarchy-indexed realization family P; typed signature maps produce the exact attainable region R, the
upper obligation region Γ visible to continuous monotone resource decisions, and the convex upper body K
visible to additive nonnegative prices. The Safe-Commitment Law gives necessary and sufficient conditions
for a retained realization family to preserve every decision in either declared class. A strict engineering-cost
separation corollary constructs a continuous, coordinatewise strictly increasing, coercive regret witness whenever
the required geometry is lost.

The theory assembles contextual-state, hierarchy, and circuit–protocol constructions from established residual-
state and communication-complexity arguments; establishes an exact interactive directional cut-rank orthant
for finite-field linear computations; identifies deterministic carrier realizations with zero-error network function
computation under matched contracts; and adapts convex support duality, temporal cut-state conservation,
regular variation, positive-system contraction, and semialgebraic phase analysis to typed computation realizations.
It reclassifies Rent-like laws as outputs of a declared realization, hierarchy, accounting convention, estimator,
and fitting window. Technology is applied after legality and attainability, yielding a formal distinction between
repricing an unchanged realization family and reopening it when capability or legality changes.

The framework is carried through matrix multiplication, exact attention, layout conversion, a complete
evaluation within a declared finite Transformer registry and typed exclusions, a graph-to-certificate reference
representation, a controlled retention experiment, and compact routed 2.5D/3D realizations. The work supplies
a unified abstraction layer linking semantic obligation, legal realization, decision-sufficient retention, scaling,
architecture selection, and physical evidence.
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Reader map

Reader question Recommended path

What is CRG and why is it needed? Introduction, abstraction ladder, and Safe-Commitment Law.
What are the semantic and exact foun-
dations?

Contextual states, circuit–protocol translations, interactive linear orthants,
and conservation.

How does the scaling theory work? Fixed-realization profiles, regular variation, hierarchy phase, positive modes,
curvature, and caps.

How does CRG guide physical design? Technology phases, certified brackets, pruning, scale matching, link laws, and
component certificates.

What does an end-to-end case look
like?

Transformer registry, retention experiment, and routed 2.5D/3D study.

What is executable? The public CRG repository, schemas, validation index, retained baselines,
and release manifest.
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1 Introduction
A computation is not yet a machine. It specifies a relation among inputs, outputs, and admissible error; it does not
by itself choose an algorithm, interaction pattern, schedule, data layout, memory policy, hierarchy, architecture,
or physical substrate. A physical computer must make all of those choices. It transforms state locally, preserves
selected distinctions through time, and makes other distinctions available nonlocally across wires, memories, chiplet
interfaces, package fabrics, active tiers, boards, and networks.

The passage from computation to physical system therefore contains a family of legal realizations rather than
one inevitable graph. A result may be stored or recomputed; a function may be replicated or shared; two stages
may be fused or separated; a protocol may be one-way or interactive; data may be serialized, partitioned, coded,
approximated, or moved to another hierarchy level. Each choice changes several obligations at once. Lower
movement may require more state. Lower state may require more work. Higher replication may reduce traffic while
increasing local capacity and synchronization. Specialization may reduce arithmetic while creating a new ownership
boundary. A new package or vertical capability may make a previously unattractive realization preferable.

Classical theories expose important parts of this problem. Communication complexity establishes information
that must cross a declared cut. I/O and area–time theories establish service limits in declared memory and VLSI
models. Network coding enlarges the set of legal transformations on a fixed carrier. Rent analysis describes
multiscale connectivity in a realized graph under a chosen hierarchy and estimator. Compiler and architecture
systems construct and search large spaces of schedules, mappings, and hardware instances. Physical design and
DTCO/STCO flows evaluate realizations against specific technologies. The unresolved object lies one level earlier:
the computation-conditioned family from which those different projections are taken.

This paper develops A Communication Theory of Computation Realization. Its central mathematical object is
computation-realization geometry (CRG): the resource-conditioned geometry of the legal ways a declared computation
can become physical, the jointly attainable typed obligations those realizations impose, and the exact information
retained by progressively coarser decision classes. Its foundational question is

Which distinctions must become available across which boundaries, which legal realizations
can provide them jointly, and what information must a design representation preserve
until technology and objectives select among them?

The word communication is used in its semantic and physical senses. Semantically, it is the process by which
distinctions required on one side of a boundary become available there when they are not already retained as state.
Physically, those distinctions are encoded in messages, nets, memory transfers, collectives, links, and routed carriers.
CRG keeps the two levels connected without identifying them: a semantic obligation constrains every in-contract
realization, while a technology determines how that obligation is encoded, served, and priced.

1.1 Three layers of the theory
The theory separates three objects that are frequently collapsed.
Computation.

A terminalized map F specifies required outputs, terminal ownership, and correctness. It answers what must
be accomplished.

Realization contract.
A resource contract ρ and hierarchy T specify legal local primitives, interaction, work, depth, storage, replication,
recomputation, approximation, accounting, and hierarchy rules. They answer how the computation may legally
be realized.

Technology.
A technology contract τ specifies physical capabilities, embeddings, service laws, and costs. It answers which
legal realization is feasible and preferred in a physical world.

The order is load bearing:

computation and resource contract −→ legal realization geometry −→ technology-conditioned selection.
(1.1)

A price change can expose a different point in an unchanged legal geometry. A capability change can admit new
primitives, schedules, storage modes, or hierarchies and thereby changes the legal family itself. The former is a
repricing operation; the latter is a change of CRG slice.
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1.2 The abstraction ladder
Fix a terminalized computation F , a resource and accounting contract ρ, and an admitted hierarchy T . Let Pρ

F (T )
denote the legal realization family. A typed signature map σT sends each realization to the jointly provisioned
quantities that the declared observation retains: interface state, event count, traffic, work, causal depth, activity,
replication, distributions, or other typed coordinates.

computation F
resource

contract ρ
hierarchy T

all legal designs
P

exact joint
obligations

R

monotone-
decision geometry

Γ

additive-price
geometry

K

σT cl up cl conv

Moving right increases abstraction. Each step is lossless exactly for the fu-
ture decision class written inside the destination box. Technology is applied af-

ter the legal family and the required observation object have been defined.

Figure 1: The computation-realization geometry abstraction ladder. The theory separates realization identity, exact
joint attainability, monotone-obligation information, and additive-price information rather than treating them as one
interchangeable design summary.

The central CRG representation is

(F, ρ, T ) =⇒ Pρ
F (T ) σT−−−→ Rρ

F (T ) −→ Γρ
F (T ) −→ Kρ

F (T ). (1.2)

The four retained objects have distinct meanings.

Table 1: The CRG abstraction ladder in words and symbols.

Retained information Symbol Questions preserved
All legal realizations P Architecture identity, event structure, schedule, causal

organization, and embedding-sensitive questions
Exact jointly attain-
able obligations

R Which discrete resource combinations are realized by at least one
legal design

Closed upper obliga-
tion geometry

Γ Every continuous coordinatewise-monotone resource objective

Convex price-visible
body

K Every additive nonnegative-price objective and explicitly admitted
amortized mixture

The exact image
Rρ

F (T ) = σT
(
Pρ

F (T )
)

retains joint attainability but forgets which realizations share one signature. The upper obligation region

Γρ
F (T ) = cl

(
up Rρ

F (T )
)

adds provisioned points that consume at least as much of every retained resource. This operation loses no information
for continuous monotone costs, because increasing a resource coordinate cannot improve such a cost. The convex
upper body

Kρ
F (T ) = cl conv Γρ

F (T )
forgets nonconvex distinctions that no additive nonnegative price can observe. It is therefore the exact price
quotient, but not the exact quotient for every nonlinear or realization-sensitive objective.

A two-resource example makes the information loss concrete. Suppose one legal realization has signature
(0, 2) and another has (2, 0), where the coordinates are movement and fast state. The coordinatewise minima
suggest (0, 0), but no legal realization attains it. The convex body contains (1, 1), which is sufficient for linear-price
interpolation but can give the wrong answer to the nonlinear bottleneck objective max{x1, x2}. Thus no one of
P,R,Γ,K can be substituted for all the others.
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1.3 The Safe-Commitment Law
Let ∅ ̸= A ⊆ Pρ

F (T ) be the family retained after pruning. Its commitment regret under a signature objective C is

RegretC(A ) = inf
P ∈A

C(σT (P )) − inf
P ∈Pρ

F
(T )

C(σT (P )) . (1.3)

The Safe-Commitment Law proves

ΓA = Γρ
F (T ) ⇐⇒ every continuous monotone decision is preserved, (1.4)

KA = Kρ
F (T ) ⇐⇒ every additive nonnegative-price decision is preserved. (1.5)

If the required equality fails, a decision in the corresponding class has strictly positive regret. The theorem therefore
identifies the smallest observation object that remains invariant across every decision still open; all further reduction
is a mathematical commitment to a smaller decision class.

Safe commitment is preservation of the geometry required by the future decision class.

Equivalently, discard a realization only when the future decisions in scope cannot detect that it is gone.

1.4 Theory architecture and principal results
The paper develops the theory in seven linked layers.
C1. Semantic and resource contracts. Terminalized computation, typed resource contracts, legal-realization

semantics, and coherent hierarchy pushforward specify the domain before optimization begins.
C2. Exact interface laws. Contextual equivalence gives canonical componentwise-minimal directed states in a

tree-summary model. Finite acyclic circuits and protocols translate under explicit accounting. Finite-field
linear computations admit an exact interactive directional cut-rank orthant, even with nonlinear local encoders.

C3. Conservation, carriers, and composition. Deterministic carrier realizations coincide with zero-error
network function codes. Temporal cut-state conservation and fractional packing yield bandwidth–time, area–
time, and I/O projections under their declared service contracts. Monotonicity, local data processing, product
additivity, and constructive synergy organize composition.

C4. Decision-sufficient geometry. Monotone observations reconstruct Γ; additive prices reconstruct K; the
Safe-Commitment Law characterizes universal lossless retention; and explicit counterexamples show why
marginal minima, one scalar, and universal convexification are insufficient.

C5. Conditioned scaling. A scale profile is derived from one legal hierarchical realization. Stable dilation limits,
discrete hierarchy phase, positive-mode recursions, Perron–Floquet dynamics, arithmetic mode mixtures,
interface reach, cap response, estimator bias, and finite-scale concentration give a unified calculus for Rent-like
behavior.

C6. Technology-conditioned design. Technology enters as a capability, embedding, and cost system. Semialge-
braic phase cells, robustness radii, certified inner/outer brackets, safe pruning, architecture–technology scale
matching, link budgets, matrix multiplication, attention, state pooling, and layout-conversion laws turn CRG
into a design calculus.

C7. Integrated realization and validation. A finite long-context Transformer registry exhibits technology-
dependent class reversal. A working PyTorch FX representation constructs contracts, legal realization classes,
typed obligations, scoped bounds, and decision certificates. A retention experiment tests the Safe-Commitment
Law, and deterministic routed 2.5D/3D models carry one semantic ownership boundary into physical timing,
shoreline, area, thermal, test, yield, and reliability coordinates.

1.5 Mathematical domain and extension space
The exact core is developed for finite deterministic computations because this class supports complete semantic
quotients, exact zero-error converses, and fully auditable constructions. The CRG object itself is contract-parametric:
randomized, approximate, stochastic, analog, reversible, noisy, and quantum realizations enter by enlarging the
legal-realization semantics, signature coordinates, aggregation laws, and decision classes. Likewise, physical routing,
timing, power delivery, thermal behavior, yield, reliability, and cost enter through technology contracts and
embedding maps. The present results establish the common mathematical architecture on which those extensions
compose.
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2 Historical progression and relation to prior work
Computation-realization geometry lies at the intersection of theories that traditionally begin at different levels of
abstraction. Computability fixes what can be calculated; information and communication theories characterize what
can be represented or transmitted; automata and realization theories construct canonical internal state; VLSI and
I/O theories establish physical or memory-service limits; contract and platform theories organize legal composition;
compiler systems generate equivalent schedules and mappings; vector optimization and design-space exploration
compare tradeoffs; and physical EDA embeds a selected logical object in a specific technology. CRG connects these
layers through one computation-first object while preserving the different hypotheses and observables that make
each predecessor powerful.

2.1 From computability to realization
Turing’s abstract machine separated effective computation from any particular hardware embodiment [20]. That
abstraction made it possible to state machine-independent questions about computability and complexity. It
also intentionally suppresses the physical organization that dominates modern systems: locality, communication
paths, storage placement, hierarchy, energy, and technology capability. Gandy’s principles for mechanisms and
Deutsch’s physical Church–Turing principle moved in the opposite direction: they asked which structural or physical
assumptions make an abstract machine a model of realizable computation [65, 66]. CRG addresses a complementary
question. Once a computation is declared, what are its legal physical realizations, what obligations do they jointly
impose, and which representation of those alternatives remains sufficient for later decisions?

The word realization has a second established meaning in systems and control. Kalman’s realization theory
reconstructs minimal state-space models from input–output behavior and characterizes the controllable and
observable part of a linear dynamical system [67, 68]. CRG shares the concern with multiple internal embodiments
of one external behavior, but its realization is broader: an algorithm, protocol, circuit, schedule, mapping, ownership
assignment, hierarchy, resource allocation, and embedding that legally implements a declared computation. Minimal
state dimension is one possible coordinate; the CRG object retains a family of jointly attainable resource and
interface obligations.

Canonical-state ideas also arise in automata theory. Myhill–Nerode style quotients identify two histories when
no future context can distinguish them [69]. The contextual quotients developed in Section 4 apply that principle
to distributed terminal contexts: two assignments on one side of a hierarchy interface are equivalent exactly when
every opposite-side context induces the same required outputs. The resulting state is a canonical semantic interface
object rather than a machine-specific encoding.

Models of concurrent and streaming computation make communication part of the operational semantics. Kahn
process networks, the Actor model, and synchronous dataflow represent computation through communicating
processes, messages, and persistent local state [70, 71, 72]. They provide important realization classes inside CRG.
CRG differs by ranging over multiple legal operational models and by placing their joint resource signatures inside
a common decision-sufficiency calculus.

2.2 Information, communication, and decision sufficiency
Shannon’s theory separated source, channel, code, rate, and converse limit under a declared stochastic model [19].
It showed how an engineering field with many modulation and coding techniques could be organized around an
implementation-independent object. CRG makes an analogous move for the passage from computation to physical
realization: the theory first defines the legal realization family and only then asks which physical technology can
serve and price its obligations. The difference is fundamental. Shannon could set message meaning aside for the
channel-coding problem; CRG retains computational semantics because meaning determines which distinctions
must cross which boundary.

Blackwell’s comparison of experiments provides a close decision-theoretic analogy [73]. One information structure
is more informative than another when it is at least as valuable for every decision problem in a declared class. CRG
similarly characterizes representations by the decisions they preserve. The upper obligation region Γ is sufficient
and necessary for every continuous monotone resource decision, while the convex body K is sufficient and necessary
for every additive nonnegative-price decision. The Safe-Commitment Law is therefore a design-sufficiency theorem:
it identifies when a reduced realization family has exactly the same value for all decisions in the declared class.

Information complexity refines communication complexity by associating cost with information revealed during
interaction and has yielded direct-sum and compression theorems [3, 4]. CRG can use such results as converses or
coordinates inside a resource contract. Its geometric level is different: it records which algorithms, interactions,
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storage policies, and architectures attain which joint obligations and which observation quotient is sufficient for the
remaining physical decisions.

2.3 Communication complexity, distributed function computation, and network
coding

Yao’s communication-complexity model asks how much parties with distributed inputs must exchange to compute
a function [21]; subsequent work developed deterministic, randomized, interactive, multiparty, and information-
complexity variants [22, 3]. These theories supply semantic lower bounds after the parties, input split, interaction
rules, and output obligations have been declared. CRG registers those choices in ρ and places the converse beside
constructive realizations and other resource coordinates.

Network information flow showed that coding at intermediate nodes can enlarge what a fixed carrier can achieve
[23]. Network function computation extends that question from multicast identities to general functions and
rate/load regions [24, 25]. This tradition contributes two central lessons to CRG: legal local transformations must
be explicit, and the natural answer may be a region rather than a single capacity. CRG moves upstream of the fixed
carrier by allowing ownership, hierarchy, architecture, and in some slices the carrier itself to vary across the legal
realization family. Once a carrier is fixed, the carrier slice of CRG recovers deterministic zero-error network-function
coding exactly.

2.4 VLSI area–time, I/O complexity, and parallel-machine models
Thompson’s area–time theory made geometric communication a source of circuit lower bounds in a two-dimensional
VLSI model [26]. Hong and Kung’s red–blue pebble game similarly exposed unavoidable movement across a
bounded fast-memory interface [5]. Communication lower bounds for numerical linear algebra and cache-oblivious
constructions extended the program to multilevel and distributed memories [6, 8, 7]. These results are foundational
converses: they establish what no legal realization inside a declared service model can evade.

BSP and LogP abstracted parallel machines through local work, communication, latency, and synchronization
[27, 28]. Kung’s “communication geometry” classified the intermodule network structure of a selected parallel
algorithm [1]. CRG preserves these service and machine models as named projections. The additional step is to
place them inside a larger family in which algorithm, schedule, storage, replication, interaction, and hierarchy may
change before the machine or technology is fixed.

2.5 Rent’s rule, graph structure, and multiscale measurement
Landman and Russo’s pin-versus-block relation made multiscale connectivity a practical circuit descriptor [29].
Donath linked connectivity statistics to placement and average interconnection length; subsequent work developed
intrinsic and heterogeneous Rent parameters, local variation, range structure, estimator conventions, and systematic
wire-length prediction [82, 83, 84, 85, 30, 86]. Hypergraph partitioning, cut metrics, tree widths, branch widths,
and separator methods provide additional structural projections of a realized graph [52, 53, 81].

A Rent profile is conditioned on a realization, hierarchy, terminal convention, accounting rule, estimator,
and scale window. CRG therefore places it after the realization map σT , not before the legal family is defined.
The scaling theory in this paper unifies several mechanisms that can produce Rent-like observations: exact scale
covariance, regular variation, discrete hierarchy phase, positive-mode recursions, heterogeneous mode curvature,
interface reach, terminal saturation, and estimator bias. The result is a generative theory of conditioned scale
profiles rather than one portable exponent detached from its measurement contract.

2.6 Platforms, interfaces, contracts, and design rules
Platform-based design and orthogonalization of concerns separate functional specification, architecture, and
implementation across reusable layers [31, 32]. Interface automata and contract-based design formalize assumptions,
guarantees, compatibility, refinement, and composition [33, 34]. These traditions supply the legal and compositional
discipline used by CRG: every theorem is indexed by a computation, resource contract, hierarchy, and accounting
rule, and every structure map must preserve that contract.

Semiconductor design rules and process design kits provide the industrial analogue. They condense coupled
optical, chemical, process, integration, variability, and reliability knowledge into executable constraints and models,
allowing design to proceed at a higher level without discarding the physical process window. Mead–Conway design
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methodology made this abstraction a central mechanism for managing VLSI complexity [87, 88]. CRG extends
the same architectural idea to computation-to-technology design: the contract defines legal transformations, the
geometry records their joint obligations, and the Safe-Commitment Law determines which alternatives can be
removed without changing the remaining decisions.

2.7 Set-based design, tradespaces, and systems architecture
A parallel design tradition approached premature commitment from the engineering-process side. Set-based
concurrent engineering retains families of feasible alternatives, communicates sets across disciplines, and narrows
those sets as knowledge accumulates rather than iterating one point solution through serial rework [96, 97]. Multi-
attribute tradespace exploration maps broad architecture families against stakeholder value and cost and studies
how preferences move as context changes [98]. Model-based systems engineering provides explicit requirements,
interface, behavior, verification, and lifecycle relations across system levels [99].

CRG gives these set-retention practices a computation-theoretic object and an exact narrowing criterion. The
initial set is not an untyped collection of concepts; it is the legal family generated by a terminalized computation
and a resource contract. Each member carries a typed joint signature and, where available, a constructive witness or
an outer obligation. The Safe-Commitment Law then characterizes the precise equality that permits the family to
be narrowed while preserving every future decision in a declared class. Set-based practice supplies an organizational
precedent for delayed commitment; CRG supplies the realization semantics, decision-sufficient geometry, and proof
of when convergence is lossless.

2.8 Program transformations, intermediate representations, and equality saturation
Parnas’s program-family formulation made commonality and variation across related programs a first-class design
object rather than an after-the-fact catalogue of implementations [100]. Compiler research has long separated
semantic computation from legal transformations and schedules. The polyhedral model represents affine loop
nests and enables legality-preserving transformations for locality and parallelism [75]. Halide makes the algorithm–
schedule split explicit [76]; TVM combines graph-level and operator-level optimization with autotuning [77]; and
MLIR provides extensible, multilevel intermediate representations that preserve structure across lowering stages
[78].

Equality saturation addresses the phase-ordering problem by retaining many equivalent programs in an e-graph
before extracting one according to a cost model [79, 80]. Semantic e-graphs now carry this non-destructive
representation into EDA by joining logic optimization and technology mapping across multiple semantic levels
[101]. This is a close constructive relative of CRG: both delay premature selection and preserve alternatives
through a shared representation. Equality saturation is centered on equationally equivalent program expressions and
extraction from a rewrite closure. CRG additionally requires terminal semantics, resource-contract legality, hierarchy-
indexed typed obligations, problem-specific converses, observation-sufficient quotients, technology capabilities, and
proof-governed commitment.

Abstract interpretation provides a general theory of sound semantic approximation through ordered domains
and fixpoint abstraction [74]. CRG shares the concern with what an abstraction preserves, but its central theorem
is decision-oriented rather than solely safety-oriented: Γ and K are characterized by the complete classes of
optimization queries they answer exactly. This yields an explicit boundary between reversible abstraction and
commitment regret.

2.9 Vector optimization, Pareto sets, and robust decisions
Multiobjective and vector optimization study feasible images, ordering cones, upper images, scalarizations, support
functions, and inner/outer approximations [2, 89, 35, 36]. Approximate Pareto sets address the computational
size of tradeoff frontiers [90]. Robust optimization studies decisions that remain valid over parameter uncertainty
sets [91]. CRG uses these mathematical tools but ties each image to a semantic realization fiber and a declared
observation class. The exact region R, upper region Γ, and convex body K are not interchangeable summaries:
each is proved sufficient for a different family of future decisions.

Robust and parametric optimization ask how decisions change under uncertainty or parameter variation. CRG’s
semialgebraic phase cells, full-label robustness radii, and argmin-hitting retention provide a realization-aware
parametric calculus. The decisive distinction is between uncertainty that reprices an unchanged legal family and a
capability change that enlarges or alters that family.
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2.10 Architecture exploration, compiler mapping, and physical EDA
Modern design-space exploration systems search large spaces of dataflows, loop schedules, mappings, memories,
accelerator structures, distributed parallel plans, and chiplet organizations [37, 38, 39, 40, 17, 18, 41]. Recent
multi-level and chiplet work widens the representation itself: MLDSE introduces recursively composable hardware
and mapping intermediate representations, while Mozart co-designs reusable chiplet ecosystems and accelerators
with physical validation [92, 93]. Architecture-level estimators and physical flows supply energy, area, timing, and
placement information [43, 42]. Open3DBench extends reproducible physical evaluation to partitioning, placement,
routing, RC extraction, and thermal analysis for 3D-ICs [94]. These systems are constructive engines for the left
and right sides of CRG: compilers and DSE generate legal witnesses, while physical tools evaluate embeddings and
return improved witnesses.

The CRG contribution is the intervening scientific contract. It specifies how the candidate space is constituted,
retains realization identity where a signature is insufficient, attaches typed obligations and outer bounds, identifies
which reduced representation preserves which decision class, and records when a technology change is a repricing
event or a change of legal space. In this sense, design-space exploration searches a map; CRG defines the semantic
rules for drawing, reducing, and reopening that map.

2.11 Physical realization, reversibility, and thermodynamic cost
Landauer related logical irreversibility to physical dissipation [45], and Bennett developed reversible computation
and the thermodynamic consequences of retaining or erasing computational history [95]. Physical-computation
formalisms study abstraction, composition, and multiple realizability across substrates [44]. CRG provides a
compatible realization layer. Logical reversibility, heat, noise, error correction, and stochastic work can be
introduced as legal primitives, state coordinates, and technology observations. The finite deterministic theory
developed here supplies the semantic and geometric base on which those physical extensions are defined.

2.12 Comparative synthesis
Table 2 summarizes where the principal traditions begin and what they return. The boundaries are methodological,
not hierarchical: each theory is exact for the question it asks. CRG supplies the common pre-commitment object
that allows their outputs to be composed without silently changing quantifiers or mixing incompatible optima.

Table 2: Relation of CRG to neighboring theories and design methods.

Tradition Primary object Usually fixed before
analysis

Role inside CRG

Computability Abstract machine and
computable function

Machine model up to
simulation equivalence

Defines the semantic task indepen-
dent of one physical embodiment

Information the-
ory

Source, channel, code,
rate/capacity

Source/channel law and
fidelity criterion

Supplies coding concepts, con-
verses, and the precedent for
implementation-independent engi-
neering theory

Communication
complexity

Function, parties, cut,
protocol class

Input ownership and in-
teraction model

Supplies semantic cut obligations
and interactive converses

Network coding Carrier graph and code
region

Network, sources, de-
mands, alphabet model

Supplies attainable carrier-load re-
gions and coding transformations

VLSI and I/O
theory

Layout or memory-
service model

Physical dimension,
DAG, memory hierar-
chy, charging rule

Supplies scoped area–time,
bandwidth–time, and movement
lower bounds

Rent and graph
structure

Realized graph under a
hierarchy

Netlist, partition, esti-
mator, terminal conven-
tion

Supplies conditioned multiscale di-
agnostics of one realization

Contracts and
platforms

Assumption/guarantee
interface and platform
family

Component boundaries
and composition seman-
tics

Supplies legality, refinement, and
reusable interface discipline
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Tradition Primary object Usually fixed before
analysis

Role inside CRG

Set-based design
and tradespaces

Feasible concept sets
and value/cost spaces

Candidate-generation
rules, attributes, and
stakeholder model

Supplies delayed convergence and
lifecycle-change reasoning; CRG
supplies semantic legality and ex-
act retention conditions

Compiler IR and
equality satura-
tion

Equivalent programs,
schedules, rewrites

Rewrite system, source
semantics, extraction
cost

Supplies constructive realization
generation and delayed extraction

Vector optimiza-
tion

Feasible image and or-
dering cone

Candidate image and ob-
jective class

Supplies upper images, support du-
ality, and approximation theory

DSE and EDA Registered candidates
and physical embed-
dings

Representation, candi-
date generator, technol-
ogy model, objective

Supplies witnesses, search, and
physical evaluation

CRG Legal realization
bundle and decision-
sufficient geometry

Computation and re-
source contract only

Constitutes the pre-
technology design family,
composes converses and
witnesses, and proves when
reduction is lossless

2.13 The gap closed by computation-realization geometry
The preceding literatures collectively contain nearly every ingredient needed for a theory of computation realization,
but they distribute those ingredients across different starting points and quantifier orders. CRG closes the gap by
joining six properties in one formal object:

(i) the computation and its terminal semantics precede every physical projection;
(ii) a resource contract defines the legal realization family before a candidate registry is searched;
(iii) each realization carries a typed joint signature rather than a single communication scalar;
(iv) hierarchy changes act through coherent structure maps;
(v) observation classes determine exact decision-sufficient quotients and therefore exact safe-commitment condi-

tions; and
(vi) technology enters after the legal geometry as capability, embedding, and cost, with explicit repricing and

reopen semantics.
This synthesis is the theoretical advance: a communication theory whose object is the realization of computation
and whose central law governs what may be forgotten before physical commitment.

Sequence and nonhomogeneous-product lineage. The sequence-level regular-variation results sit in the
classical theory of regularly varying sequences [102, 103]. The positive-product mechanism is related to weak
ergodicity and nonhomogeneous products of nonnegative matrices [104, 105, 106, 107].

Performance and accelerator co-design lineage. Roofline provides the canonical fixed-kernel compute–
bandwidth balance [108]; Stream and Simba provide neighboring layer-fused and multi-chip-module accelerator
systems [109, 110]. CRG retains these as conditioned projections or realizations inside a prior legal-realization
object.

Part I

Semantic contracts and exact resource geometry
3 Terminalized computation and resource contracts
The mathematical object to be realized is separated from the resources by which it is realized. This separation
fixes the quantifiers used throughout: first a semantic task, contract, and hierarchy are fixed; only then are legal
realizations and their interface signatures compared.
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Definition 3.1 (Terminalized deterministic computation). A terminalized deterministic computation is a map

F : X =
∏
i∈I

Xi −→ Y =
∏
j∈O

Yj ,

where every alphabet is finite. A hierarchy consists of a finite tree T = (V,E) and placement maps λI : I → V and
λO : O → V . Vertex v owns the local input alphabet

Xv =
∏

i:λI (i)=v

Xi

and must produce the local output alphabet
Yv =

∏
j:λO(j)=v

Yj .

Definition 3.2 (Core resource contract). A core deterministic resource contract is a tuple

ρ = (B, S,D,M,R, ε,Λ, χ),

where B is the allowed local primitive basis, S is a local-work or circuit-size budget, D a causal-depth budget, M a
storage budget, R a replication or recomputation budget, ε an allowed error (zero in the exact results below), Λ the
admissible hierarchy and terminal-placement rules, and χ the communication-accounting type. A ρ-legal realization
P is a finite hierarchical protocol or circuit satisfying these typed bounds. Contract relaxation is semantic inclusion:
ρ ⪯ ρ′ exactly when every ρ-legal realization is ρ′-legal.

To make hierarchy contraction formal, each scalar bound is represented by a finitely supported charge on
hierarchy sites or interfaces together with a declared associative aggregation law. Local work and storage use
addition; retained interface traffic and replication charges use addition over surviving interfaces; causal depth and
protocol rounds use max–plus path composition; terminal placement uses direct image; exact error remains zero,
while an approximate extension must declare an associative error-composition operation ⊕ε; and χ is preserved. A
connected-fiber contraction q : T → T ′ pushes a charge forward by aggregating all charges in each fiber and on each
induced surviving interface.

A resource budget is a legality constraint on the complete realization; a resource charge is the additive or
max–plus object pushed through a hierarchy map. A budget need not equal the sum of local charges unless the
contract declares that aggregation rule. Thus, for example, a package-wide peak or shared memory pool is not
counted once per stage merely because stage-local timing expressions are written separately. Extensions may add
stochastic, analog, reversible, or technology-specific coordinates, but they must specify legal-realization semantics, an
associative aggregation law, and pushforward behavior before the coherence results apply.

3.1 How a resource contract changes the realization family
The contract is part of the mathematical problem, not metadata attached after optimization. Three simple changes
illustrate its effect.
Time sharing.

Two stage-local state requirements m1,m2 aggregate as m1 + m2 when dedicated engines coexist and as
max{m1,m2} when one state pool is reused across disjoint time intervals. The latter realization also carries a
schedule and utilization coordinate. Replacing one aggregator by the other changes legality.

Replication and recomputation.
A replicated table or recomputed intermediate can reduce communication while increasing work, state, or
replication charges. Those are different legal points in one typed geometry, not different estimates of one fixed
graph.

Approximation.
Permitting error ε > 0 enlarges the legal family only after the correctness relation and the composition law ⊕ε

have been declared. Approximate and exact geometries are different slices of the theory.
The hierarchy rule Λ is equally active. A partition can be a nested accounting cut, a physical carrier, a clock or

ownership boundary, or a measurement hierarchy. The contract specifies which interpretation is in force and which
resource charges survive contraction. This is the mechanism that prevents a static cut count from being silently
read as bandwidth, latency, routed congestion, or energy.

14 / 87



Fitih M. Cinnor A Communication Theory of Computation Realization

Proposition 3.3 (Functoriality of contract pushforward). For every core contract with the aggregation laws of
Theorem 3.2, connected-fiber contractions satisfy

id∗ ρ = ρ, (r ◦ q)∗ρ = r∗(q∗ρ).

Proof. For an additive local charge a, the charge assigned to a coarse site w by the composite contraction is

((r ◦ q)∗a)(w) =
∑

v:(r◦q)(v)=w

a(v) =
∑

u:r(u)=w

∑
v:q(v)=u

a(v) = (r∗(q∗a))(w).

The same regrouping proves the claim for additive interface and replication charges. Max–plus path aggregation is
associative because path concatenation and max are associative; direct image of terminal placement is functorial;
exact error is fixed at zero; and every admitted approximate coordinate is functorial by the required associativity
of ⊕ε. The primitive basis and accounting type are unchanged. Identity maps leave every support and charge
unchanged, so componentwise equality gives both identities.

Definition 3.4 (Typed interface signature). For an oriented hierarchy interface e, a typed signature is

µe = (se, νe, te, de, ae, πe),

where se is bits per state or message, νe is message events per operation, te = seνe is bits per operation, de is a
causal-round or depth contribution, ae is an activity factor, and πe is an optional traffic or burst distribution. An
analysis may project to any declared subset. Static cut accounting uses se or a fixed-bit width; throughput and link
calculations use te; latency uses de; and dynamic energy requires te together with ae and a technology model. These
coordinates are not interchangeable.

Definition 3.5 (Interface-accounting convention). For a finite message alphabet Σ, define its semantic log-cardinality
and fixed-length binary width by

ℓsem(Σ) = log2 |Σ|, ℓbit(Σ) = ⌈log2 |Σ|⌉ .

For a sequence of message events, capacities add event by event. The contract records χ ∈ {sem,bit}, or an explicitly
specified richer coding rule. Semantic capacity is exact for state-space and product identities; fixed-bit traffic is the
physical convention for Boolean circuit nets. The two conventions coincide at one bit for a binary alphabet.

Unless stated otherwise, the event schedule is fixed independently of the input, conditional absence is charged as
an alphabet symbol, and opposite directions are charged separately. The event sum is provisioned alphabet capacity,
not Shannon entropy of a reachable-transcript distribution. Joint coding across events, expected variable length,
compression, retransmission, broadcast cost, and link sharing require a richer χ stating decoder, timing, and charging
rules. Bits per operation alone do not specify instantaneous bandwidth or latency; event-rate, burst, and service
coordinates are also required.

4 Canonical distributed interface states
Removing an undirected edge {u, v} creates two components. Write Vu|v for the component containing u, Xu|v for
the product of inputs placed there, and Yv|u for the outputs placed on the opposite side.

Definition 4.1 (Separable directed-summary realization). For every oriented edge u → v, choose a finite message
alphabet Σu→v. A separable directed-summary realization consists of local maps

δu→v : Xu ×
∏

w∈N(u)\{v}

Σw→u −→ Σu→v

and output maps
ηu : Xu ×

∏
w∈N(u)

Σw→u −→ Yu.

Because the graph is a tree, the message on u → v is recursively a function only of Xu|v. Oppositely directed
messages summarize their own sides and do not depend on one another. This is a noninteractive two-pass summary
model, not the general interactive model introduced in Section 5.
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Definition 4.2 (Directed contextual equivalence). For a, a′ ∈ Xu|v, define

a ≡u→v a
′ ⇐⇒ FYv|u

(a, z) = FYv|u
(a′, z) for every z ∈ Xv|u.

Let
Qu→v = Xu|v/≡u→v, κu→v = log2 |Qu→v|.

The real logarithm is the semantic capacity; a fixed-length binary encoding uses ⌈κu→v⌉ bits.

Theorem 4.3 (Canonical directed-summary theorem). For every finite terminalized computation F and every tree
hierarchy T :
(a) the directed contextual classes are locally composable;
(b) the class messages Qu→v yield a separable directed-summary realization of all outputs;
(c) every separable directed-summary realization satisfies |Σu→v| ≥ |Qu→v| on every oriented edge; and
(d) if equality holds on every oriented edge, the realization is the canonical quotient realization on every reachable

local input–message tuple, up to independent renaming of message states; behavior on unreachable tuples is
unconstrained.

Thus
κ↔

T (F ) = (κu→v)u→v

is an implementation-independent, encoding-optimal, jointly realizable directed-capacity vector for the hierarchy.

Proof. Fix u → v. The component Vu|v is the disjoint union of u and the components Vw|u for w ∈ N(u) \ {v}.
Suppose aw, a

′
w ∈ Xw|u satisfy aw ≡w→u a

′
w for every such neighbor, and fix the same local assignment at u. For

any assignment z on Vv|u, replace the aw by a′
w one component at a time. By definition, each replacement preserves

every output outside Vw|u for every assignment to the remaining variables, hence in particular every output in Vv|u.
The combined assignments are therefore equivalent under ≡u→v. The outgoing class is consequently a well-defined
function of the local input and incoming classes.

For an output at vertex u, choose arbitrary representatives of the incoming classes. Replacing any representative
by another in the same class preserves every output outside that neighbor component, including the outputs at u.
The local output is therefore well defined and equals F .

For minimality, consider any separable realization. Its message mu→v is a deterministic function of the assignment
on Vu|v. If inequivalent assignments a, a′ produced the same message, some opposite-side assignment z would
distinguish an output in Vv|u. Every opposite-side state would be identical in the two runs, and the only dependence
on the u-side would be through the identical message. Determinism would force identical outputs, a contradiction.
Thus different contextual classes require different messages.

If every alphabet has minimum cardinality, its message map can neither merge two classes nor use spare states to
split one class. It induces a bijection Qu→v → Σu→v, and the local maps are conjugate to the quotient maps under
these independent bijections on every reachable local input–message tuple. Their values on unreachable tuples may
be assigned arbitrarily without changing correctness, minimum message cardinality, or canonical equivalence on the
reachable domain.

Interpretation. The theorem is simultaneously constructive, minimal, and joint. It does not obtain one lower
bound per edge and then splice incompatible edgewise optima. The same quotient realization attains every directed
minimum at once. The message state on u → v is the complete set of distinctions on the u-side that can still matter
to an output on the v-side under some legal opposite-side context. Any smaller alphabet merges two distinguishable
contexts; any larger alphabet contains representation redundancy.

The result also explains why terminal placement is load bearing. Moving an output to another vertex changes
which contexts can distinguish two assignments and therefore changes the quotient itself. A “communication
requirement of the function” is consequently incomplete until input and output ownership have been declared.

Example 4.4 (Three-node worked quotient). Let a path u − v − w carry input bits x at u and y at w, with
output x ⊕ y required at v. Across u → v, the two values of x are contextually inequivalent because fixing y = 0
distinguishes the required output; hence Qu→v

∼= {0, 1}. Symmetrically, Qw→v
∼= {0, 1}. In the reverse directions

no output lies beyond the edge, so the quotient has one state. The canonical realization sends one bit inward from
each leaf and computes parity locally at v. The directed capacity vector follows from semantics alone and is attained
without choosing a binary encoding convention in advance.
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Corollary 4.5 (Fixed-bit canonical widths). Under fixed-length binary accounting,

κ̂u→v = ⌈κu→v⌉

is jointly realizable and componentwise minimal among all fixed-length encodings in the separable directed-summary
model. Each ceiling adds less than one bit beyond semantic capacity.

Corollary 4.6 (Single-root quotient). If all outputs are placed at a root r, every edge directed toward r has the
contextual-equivalence state space of its subtree, while every reverse edge has one state. The canonical realization is
bottom-up and is analogous to a Myhill–Nerode quotient for the selected variable tree.

Corollary 4.7 (Independent-bit routing). Let source bit xi be placed at one vertex and copied to an arbitrary set
of output terminals. For oriented edge u → v, let ku→v be the number of source bits located in Vu|v with at least
one requested copy in Vv|u. Then

|Qu→v| = 2ku→v , κu→v = ku→v.

Consequently, total directed semantic capacity across an undirected edge equals the number of independent routed
nets separated by that cut.

Proof. The opposite-side outputs depend on exactly those ku→v source bits. Two assignments on the u-side are
contextually equivalent precisely when they agree on all of them, giving 2ku→v classes.

Example 4.8 (Broadcast and all-reduce). A single source bit broadcast to many consumers has one bit of semantic
capacity on every directed edge separating the source from at least one consumer and zero in the reverse direction.
One bit of information can thus accumulate arbitrarily large multiscale incidence. By contrast, if every node must
output the parity of all source bits, each side of every nontrivial edge has two summary states (its local parity), so
one bit is required in each direction. Semantic information and physical distribution incidence are therefore distinct
quantities.

5 General causal realizations and exact certificates
The quotient theorem is exact within the separable two-pass model. A general circuit or protocol may cross
the same interface in several causal stages, so the realization class must be enlarged before making interactive
claims. We use four explicit conventions: circuits are finite, combinational, and acyclic; each Boolean signal is one
driver-to-sinks hyperedge net; gates and terminals are placed at hierarchy vertices; and each hierarchy edge is either
a nested cut-accounting boundary or a physical tree hop, as declared by ρ. Net incidence counts one bit per crossed
tree edge, not one bit per sink pin. Sequential reuse, registers, variable schedules, routed congestion, and nonfree
branching require additional time, storage, or carrier coordinates.

The section makes three successive enlargements of the realization model. First, a circuit is represented as a
causal protocol so that static net incidence and message traffic can be compared under one accounting contract.
Second, interaction is admitted, showing precisely how nonlinear computations can alter the lower bounds derived
from one-way contextual states. Third, a temporal service window is introduced, allowing retained state and
communication to enter one conservation law. The three steps separate representation, interaction, and time instead
of folding them into one overloaded “communication cost.”

For each enlargement the proof pattern is the same:

semantic range or quotient =⇒ outer obligation and explicit protocol or circuit =⇒ inner witness.

When the two meet, the corresponding CRG slice is exact.

5.1 Finite causal protocols and circuit translations
Definition 5.1 (Finite acyclic tree protocol). A finite acyclic protocol P on a tree hierarchy consists of a finite
event DAG. Each message event a is labeled by an oriented tree edge, outputs a symbol in a finite alphabet Σa, and
is a deterministic function of the local input at its source vertex and earlier messages received there. A conditional
or absent message is an ordinary alphabet symbol, so the event schedule is static. Each output event is similarly a
deterministic function of local input and earlier received messages. The protocol computes F when all terminal
outputs equal F (x) for every x.
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For tree edge e, define semantic alphabet traffic and fixed-length binary traffic by

ae(P ) =
∑

a: a labeled by e

log2 |Σa|, ce(P ) =
∑

a: a labeled by e

⌈log2 |Σa|⌉ .

Write tχe (P ) = ae(P ) under semantic accounting and tχe (P ) = ce(P ) under fixed-bit accounting. A round-resolved
signature may retain every message event separately; tχ(P ) is its declared static projection.
Definition 5.2 (Circuit cut vector). Let C be a finite Boolean circuit with one hyperedge net per signal, and let T
place every gate and terminal at a tree vertex. For tree edge e, let Me denote either side of its cut and define

be(C, T ) =
∣∣{n : net n has pins on both sides of e}

∣∣.
The vector b(C, T ) is the multiscale cut-incidence vector of the placed implementation.

The translation treats a gate or terminal at v as a local deterministic event, a one-bit net as one-bit messages
on its minimal connecting subtree, and fanout as replication at a tree branch. Replication is free only in the
cut-only contract; otherwise it contributes local work, storage, and possibly depth. Topological gate order becomes
event-DAG order. A k-symbol message uses a chosen injective ⌈log2 k⌉-bit code whose encoder and decoder logic is
included in the local event circuits. Reuse through time is either unrolled into distinct events or represented by
stored sequential state and therefore cannot be inferred from a static cut vector.
Theorem 5.3 (Circuit-to-protocol factorization). For every finite acyclic Boolean circuit C and tree placement T
of its gates and terminals, there is a finite acyclic tree protocol computing the same terminalized function with

ce(P ) = be(C, T )

for every tree edge e, under a communication-only contract in which forwarding, replication, and multicast at tree
branch vertices are free. The equality is an undirected cut-total identity; the net driver determines the direction on
every crossed edge. Moreover, ∑

e∈E(T )

be(C, T ) =
∑

n∈E(C)

|E(SteinerT (pins(n)))|,

where the right side counts edges in the minimal subtree connecting the pins of each circuit net.
Proof. Process circuit nets in topological order of their drivers. Once the driver of net n is known, route its one-bit
value along the minimal subtree of T connecting the driver and all sinks, replicating at branch vertices. A tree
edge is used by n exactly when deleting that edge separates at least two pins of n, equivalently when n crosses the
associated circuit cut. Exactly one bit for n traverses each such edge, proving the pointwise and summed identities.
A net is routed only after its driver is computed, so the event schedule is acyclic.

Remark 5.4 (Resource cost of materialized forwarding). If forwarding is materialized as logic and every physical
tree hop consumes a causal stage, the construction adds O(

∑
e be) forwarding events and at most a factor diam(T )

to path depth. If hierarchy edges are nested accounting boundaries, the theorem is a cut representation and adds no
logical depth. The contract must choose the interpretation.
Theorem 5.5 (Protocol-to-circuit compilation). Let P be a finite acyclic tree protocol. Choose an injective
fixed-length binary code for every message alphabet, and suppose each encoded message or output event, including
required encoder and decoder logic, is supplied by a Boolean circuit over B with size sa and depth da as a function
of its locally available bits. Then P compiles into a Boolean circuit computing the same terminalized function with

S(C) ≤
∑

a

sa,

and depth at most the maximum weighted length of a path in the event DAG, where event a has weight da. Every
message bit becomes a circuit net crossing the corresponding tree interface, hence

be(C, T ) ≤ ce(P ).

Combinational unrolling represents a message reused in several causal rounds by separate nets; a sequential realization
may instead trade storage and time for wires under an enriched contract.
Proof. Topologically order the event DAG. Instantiate the stated circuit for each event and connect its input pins
to local input terminals and the earlier message outputs on which it depends. Acyclicity gives a legal circuit.
Summing local event sizes proves the size bound, and the longest weighted event path proves the depth bound.
Each encoded message bit is one net crossing its labeled interface, which proves the cut bound.
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What the two translations establish. The circuit-to-protocol direction preserves the exact multiscale incidence
of one placed combinational realization under the cut-only contract. The protocol-to-circuit direction records the
local logic and causal depth needed to implement arbitrary finite message alphabets. Together they show that
“circuit” and “protocol” are two representations of realizations inside CRG, not competing definitions of the design
space. Their signatures agree only after the contract specifies whether forwarding, fanout, storage, and time are
free or charged.

As a simple example, a one-bit signal driven at one leaf and consumed at two other leaves uses each edge of the
minimal connecting subtree once. Its summed circuit-cut incidence equals the number of edges in that subtree;
the protocol witness routes the bit along exactly those edges and replicates only at their branch point. If branch
replication is charged, the same semantic realization acquires an additional local-work or activity coordinate without
changing the cut identity.

Corollary 5.6 (Representation equivalence with explicit overhead). Circuits and finite acyclic hierarchical protocols
are mutually translatable. The forward translation exposes multiscale cut incidence exactly under the communication-
only contract; the reverse compilation preserves semantics with explicit local-computation and causal-depth overhead.
Arbitrary interface encoding and interaction therefore belong inside the feasible realization family rather than being
excluded by definition.

5.2 Where interaction changes the signature
Example 5.7 (INDEX interaction boundary). Alice holds x ∈ {0, 1}n, Bob holds i ∈ [n], and Bob must output xi.
A one-way Alice-to-Bob summary must distinguish all 2n strings, so its semantic capacity is n bits. A two-round
protocol lets Bob send i using ⌈log2 n⌉ bits and Alice return xi using one bit. Thus

DA→B
one-way(INDEXn) = n, Dinteractive(INDEXn) ≤ ⌈log2 n⌉ + 1.

The legal directional signatures (n, 0) and (1, ⌈log2 n⌉) can be selected by different price vectors. With uniform
bit prices and n ≥ 4, the interactive realization wins; if Bob-to-Alice traffic is sufficiently expensive, the one-way
realization wins. A one-way contextual summary, total communication, and a technology-weighted interface objective
are different observations.

In the noninteractive model, contextual quotients are both constructive points and matching lower bounds. In
a general model, a semantic outer bound requires a problem-specific converse from communication complexity,
information complexity, algebra, or another appropriate method. The operational discipline is therefore to retain
certified brackets

Rρ
F,in(T ) ⊆ Rρ

F (T ) ⊆ Rρ
F,out(T )

and declare every gap.

5.3 Complete interactive finite-field linear orthant
Theorem 5.8 (Linear contextual states are cut ranks). Let F (x) = Mx over GF(2), split inputs as x = (xA, xB),
and place a set of outputs YB on side B. If MB,A is the submatrix mapping xA to outputs required on B, then
a, a′ ∈ GF(2)A are contextually equivalent for A → B exactly when

MB,A(a− a′) = 0.

The quotient has 2rank MB,A classes, and

κA→B = rankGF(2) MB,A.

Proof. For any outside assignment b, the outputs on B differ by MB,A(a− a′). They agree for every b exactly when
this vector is zero. The number of cosets of kerMB,A is 2rank MB,A .

Lemma 5.9 (Interactive directional range bound). Delete one tree edge and call the sides A and B. In any exact
deterministic finite causal protocol with a static charged event schedule,

tA→B ≥ max
b

log2
∣∣{FB(a, b) : a ∈ XA}

∣∣
under semantic alphabet accounting; fixed binary width rounds the right side up.
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Proof. Fix b and retain the ordered tuple of every A-to-B symbol. Given that tuple and the receiver input, every
receiver-local event and reverse message is determined recursively by induction over the event DAG. Equal forward
tuples must therefore give equal required receiver outputs. The tuple has at least the displayed number of values
and at most the product of its event alphabet cardinalities.

Lemma 5.10 (Local composition of linear quotient states). For a component C exposed by deleting a tree edge, let

LC = MOC̄ ,IC
, QC = FIC

q / kerLC ,

where q is the field cardinality. If OB ⊆ OC̄ , then

kerMOC̄ ,IC
⊆ kerMOB ,IC

.

Consequently MOB ,IC
xC is a well-defined linear function of QC . If disjoint incident components C1, . . . , Cs meet at

v and OB lies outside every Ci, their aggregate contribution to OB is a linear function of xIv
and the states QCi

.

Proof. Deleting output rows from MOC̄ ,IC
can only enlarge its kernel. Thus

LCxC 7−→ MOB ,IC
xC

is well defined on imLC
∼= QC . Apply this factor map to each incident component and add the resulting vectors

together with the local term MOB ,Iv
xIv

.

Definition 5.11 (Interactive linear traffic contract). Let F (x) = Mx over a fixed finite field Fq, with input
coordinates and required output rows placed on T . For an oriented edge e = A → B, put

Me = MOB ,IA
, re = rankFq

Me.

The contract admits exact deterministic finite causal tree protocols, arbitrary deterministic local maps (not necessarily
linear), and a static charged event schedule. Each vertex begins with only its placed input and fixed input-independent
advice; no input-dependent state is prepositioned across a cut. Traffic is charged by Theorem 3.5; local work, storage,
rounds, and depth are unrestricted in this slice. Conditional absence remains an ordinary charged symbol.

Theorem 5.12 (Exact interactive linear lower corner and orthant). Under Theorem 5.11, arbitrary interaction
and nonlinear local encoding cannot reduce the directional load below re log2 q. One quotient realization attains all
edge bounds simultaneously. Hence

Γρ
F (T ) = Kρ

F (T ) =
∏

e∈
−→
E (T )

[re log2 q,∞)

under semantic traffic, with lower corner
(
⌈re log2 q⌉

)
e

under fixed binary widths. For every nonnegative directional
price vector w,

inf
P

⟨w, t(P )⟩ =
∑

e∈
−→
E (T )

were log2 q.

Proof. Fix the complete B-side input. The required B-side output ranges over an affine translate of imMOB ,IA
,

which has qre points. The directional range bound gives the converse without assuming linear encoders. Contextual
equivalence identifies the sender quotient

FIA
q / kerMOB ,IA

,

of dimension re.
For simultaneous achievability, root the tree arbitrarily. In the inward pass, suppose child components Ci meet

their parent at v and C = {v} ∪i Ci. Since OC̄ ⊆ OC̄i
, Theorem 5.10 lets v compute QC from its local input and

the child states. In the outward pass toward child Cj , the parent combines its local input, the inward states of all
sibling components, and its incoming outward state. The target rows OCj

lie outside every contributing component,
so the same lemma computes the complementary state sent into Cj . Every vertex then combines its local input
and incident component states to produce its placed outputs. Identifying each quotient with imLC and choosing a
basis sends exactly re field symbols on every oriented edge in one realization. The attainable lower corner and
componentwise converse give the upper orthant, already convex.
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A worked three-site linear realization. Let a path 1–2–3 carry input bits x1, x2, x3 at the three sites, and
require outputs

y1 = x1 ⊕ x2, y2 = x1 ⊕ x2 ⊕ x3, y3 = x2 ⊕ x3

at sites 1, 2, 3, respectively. Across the left edge, the contribution of x1 to outputs on the right has rank one, and
the contribution of (x2, x3) to the left output also has rank one. The same is true across the right edge. The exact
directional lower corner is therefore one bit in each direction on each edge. An inward/outward quotient protocol
attains all four bounds simultaneously by exchanging the appropriate local parities. The example illustrates the
content of the orthant theorem: interaction may change event order, but it cannot reduce the dimension of the
cross-cut image, and one realization achieves all cut-rank obligations at once.

The orthant theorem determines the complete static charged-traffic geometry for this finite-field linear contract.
Rounds, depth, local work, storage, approximation, randomization, variable-length expected cost, and graph-carrier
coordinates define additional CRG projections and can be added without altering the exact traffic result. INDEX
lies outside this linear class because its opposite input selects which distinction matters; for a linear map the
cross-side image is context independent. On a graph with parallel paths, the rank converse applies to aggregate cut
traffic, not independently to each arc. The one-cut transcript and rank facts are standard; the joint conclusion is
the simultaneous, arbitrary-placement directed orthant even when reverse interaction is free and local encoders
may be nonlinear [22, 62, 25].

5.4 Carrier graphs and network computation
A tree records nested accounting boundaries; a directed carrier graph records which local channels exist. Let
N = (Gcar, αI , αO) be a finite directed acyclic multigraph with source-access and output-demand relations. A
carrier realization assigns a finite alphabet to every arc, a local encoder from the tail’s accessible sources and
incoming symbols, and exact decoders at demand vertices. Its signature is the vector ℓ(P ) of log alphabet sizes.
Define the equal-instance normalized zero-error link-load region

LF (N ) = cl up
⋃
k≥1

{
ℓ(P )
k

: P realizes F⊗k exactly on N
}
.

Block concatenation makes this closed upper region convex.

Theorem 5.13 (Carrier/network-code equivalence). Under deterministic zero-error semantics on a finite acyclic
carrier, single-shot carrier realizations and network function codes are identical up to internal-symbol renaming,
with identical arc loads. Applying the bijection to F⊗k for every k, normalizing by k, and taking closed upper block
closure gives exactly the zero-error network-computation link-load region. Identity or multicast output demands
specialize this to ordinary multi-source network codes under equal replication of the source instance fixed by F . This
does not identify the full independent-source rate-vector region.

Proof. Both objects assign precisely the same local encoder to each directed arc and the same decoder to each
demand vertex. A topological order makes every carrier encoder a legal network-code encoder; the reverse
translation changes nothing. The identity translation commutes with independent block products, normalization,
and closure.

For arc capacities ca, the asymptotic computation rate is

sup ({0} ∪ {R > 0 : ∃ℓ ∈ LF (N ), Rℓa ≤ ca ∀a}) .

The adjoined zero fixes the gauge: if the carrier is zero-error unsolvable and LF (N ) = ∅, its computation capacity is
zero. Placing carrier vertices in T linearly projects arc loads to tree-cut loads, but parallel arcs show the projection
is not injective. Matched network-code solvability and nonlinear-code counterexamples therefore transfer exactly.
Linear-versus-nonlinear comparisons require the explicit subcontract in which source and arc alphabets are vector
spaces over one fixed field and all local maps are linear.

The inherited undecidability statement is specifically the variable-alphabet matched-solvability problem: given
finite source, carrier, and demand incidence, decide whether some common alphabet size at least two and deterministic
local encoders satisfy every demand exactly. It does not make fixed-alphabet feasibility or every network-code
decision problem undecidable; a finite instance with every alphabet supplied is decidable by finite enumeration
[23, 63, 64].
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5.5 Temporal cut-state conservation and scoped projections
Definition 5.14 (Schedule-reachable temporal cut-state certificate). Fix a deterministic realization with a finite
acyclic event DAG, a static charged schedule, a complete site cut A | B, and a service window I. Conditional
absence is an ordinary charged symbol. With receiver-local exogenous context fixed, let SI be the receiver’s retained
state at the start of the window, with log2 |SI | ≤ mI ; let AI contain all forward A-to-B events in the window, with
ℓa = log2 |Σa|; and let OI be a receiver state or output required at the end, with

κI = log2 | imOI |

as compatible sender histories vary. The certificate is valid when: (i) every retained-state coordinate is available at
the beginning of I; (ii) every charged incoming event occurs before the certified output and lies on a directed path
from a source-side input or state event to OI ; (iii) every directed dependency path by which a varied source-side
history can alter OI intersects either the retained-state set or the charged incoming-event set; and (iv) each charged
event is counted once under the registered accounting rule. These conditions are decidable by reachability and cut
tests on the finite event DAG.

Theorem 5.15 (Cut-state conservation). Every temporal cut-state certificate satisfies

κI ≤ mI +
∑

a∈AI

ℓa ,
∑

a∈AI

ℓa ≥ (κI −mI)+ .

Interaction and nonlinear local encoding do not improve the inequality.

Proof. The initial receiver state and ordered forward transcript determine every receiver-local event, reverse message,
and required output by induction over the event DAG. Their joint alphabet has at least 2κI values and at most
2mI

∏
a∈AI

2ℓa . Taking logarithms proves both forms.

Theorem 5.16 (Fractional certificate packing). For any family of valid certificates j, with forward-event sets Aj

and fractional weights αj ≥ 0 satisfying ∑
j:a∈Aj

αj ≤ 1 for every event a,

total charged traffic obeys
Q ≥

∑
j

αj(κj −mj)+.

Proof. This is the standard fractional-packing/linear-programming composition [112]. Multiply each instance of
Theorem 5.15 by αj , sum, exchange the order of summation, and use the per-event charging constraint.

Conservation as a realization identity. The inequality is an information balance across a temporal cut. At
the beginning of the service window, the receiver possesses at most mI bits of relevant state. During the window,
the ordered forward transcript contributes at most

∑
a ℓa additional bits of log-cardinality. Every receiver state

attainable at the end must be indexed by the pair consisting of initial state and forward transcript. The number
of required distinctions therefore cannot exceed the product of those two state spaces. Reverse interaction may
determine which forward symbol is useful, but once the receiver input is fixed it cannot create a sender-side
distinction that never appears in the initial state or forward transcript.

This form makes the storage–communication tradeoff explicit: prepositioning one additional relevant bit can
reduce the lower bound on forward traffic by at most one bit in the same service window. Replication, caching, and
checkpointing are realizations that move along a joint state–traffic geometry.

Three classical projections follow after adding distinct service contracts.
(i) Bandwidth–time. If a complete cut supplies at most B bits per unit time and no relevant state is prepositioned,

cut-state conservation gives
BT ≥ κ.
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(ii) Atomic I/O partition. Under the standard atomic-word red–blue pebble contract, let HD(S) be the minimum
number of parts in a classical S-partition of the noninput vertices of DAG D. The parts are disjoint and
exhaustive, their quotient is acyclic, each has a dominator set of at most S vertices intercepting every
input-to-part path, and

Min(Vi) = {v ∈ Vi : no immediate successor of v lies in Vi}

has cardinality at most S. Segmenting an execution after every M I/O moves creates a Hong–Kung
2M -partition, hence

Q ≥ M
(
HD(2M) − 1

)
.

This inequality follows from the atomic-DAG partition spectrum and pebble contract; it is not obtained by
silently identifying a memory move with a static tree-cut symbol.

(iii) Two-dimensional area–time. Suppose every admissible balanced bisection has an orientation A0 → B0 with
forward service BA0→B0

bis ≤ γ
√
A, a valid oriented cut-state certificate requiring κbis distinctions, and at most

mbis relevant prepositioned bits on B0. With

κnet
bis = (κbis −mbis)+,

conservation yields

AT 2 ≥ (κnet
bis )2

γ2 .

This projection uses cut-state conservation plus the two-dimensional service and separator law.

Table 3: Temporal cut-state conservation and its separately registered projections. Bandwidth–time follows from the
service-window theorem; Hong–Kung I/O and Thompson-style AT 2 require, respectively, atomic-DAG memory and when-
and-where-oblivious planar-separator contracts.

Projection Additional service contract Resulting bound
Bandwidth–time Complete cut, service at most B bits per

unit time, no relevant prepositioned state
BT ≥ κ

Atomic I/O Red–blue pebble execution, M -move
segmentation, valid 2M -partition

Q ≥ M(HD(2M) − 1)

Two-dimensional
VLSI

Balanced cut, forward service at most
γ

√
A, net distinction κnet

bis

AT 2 ≥ (κnet
bis )2/γ2

The causal state-and-transcript count becomes a reusable typed certificate by registering cut, initial state, service
window, and accounting rule. Fractional packing composes overlapping certificates, while the three service laws
above translate the same semantic conservation statement into bandwidth–time, I/O, and area–time consequences.
No genealogy may be inferred from static κ alone, and the Hong–Kung and area–time projections remain model
scoped [5, 26].

6 The CRG abstraction ladder and decision-sufficient geometry
Typed units and normalization. CRG signatures are typed rather than dimensionless: state bytes, traffic
bytes per operation, event counts, causal depth, work, energy, area, temperature, and reliability coordinates retain
their declared units. Coordinates are not assumed commensurate. Convex combinations, norms, or scalar prices
are interpreted only after the resource contract or technology ledger supplies the required normalization and unit
conversion.

Definition 6.1 (Admissible decomposition system). The decomposition system Decρ(F ) has as objects the tree
hierarchies, terminal placements, and local site rules admitted by Λ. Its structure maps are semantic hierarchy
isomorphisms and connected-fiber contractions q : T → T ′ equipped with the typed pushforward q∗ρ of Theorem 3.2.
Identity and composition are inherited from the tree maps. A contract outside the core calculus is admissible only
when its legal-realization semantics and pushforward coherence are supplied explicitly.
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Definition 6.2 (Realization bundle, signature regions, and CRG). Fix F , ρ, and T ∈ Decρ(F ). Let

Pρ
F (T )

be the registry of ρ-legal hierarchical realizations P , modulo semantic-preserving renaming of internal states. Let

σT : Pρ
F (T ) −→ Rd(T )

+

extract the declared typed interface signature, or a declared projection of it. Define the exact attainable region

Rρ
F (T ) = σT

(
Pρ

F (T )
)
,

the closed upper obligation region
Γρ

F (T ) = cl
(
up Rρ

F (T )
)
,

and the convex linear-cost body
Kρ

F (T ) = cl conv Γρ
F (T ).

The computation-realization geometry is the decomposition-indexed system

Gρ
F =

(
Decρ(F ),

{
Pρ

F (T ) σT−−→ Rρ
F (T ),Γρ

F (T ),Kρ
F (T )

}
T
, {πq}q

)
.

The levels retain different information. The registry P distinguishes architectures, event structures, and
embeddings. The exact image R retains jointly attainable, possibly nonconvex signatures but forgets architecture
identity inside a signature fiber. The upper region Γ is the exact quotient for continuous monotone interface-
obligation observations. The convex upper body K is the further quotient seen by additive nonnegative prices and
explicitly admitted amortized mixtures. The term geometry denotes this resource-indexed feasible system, not a
Euclidean placement, signal constellation, or smooth manifold. A selected algorithm may have an intermodule
communication geometry in the classical sense [1]; here topology and technology remain unfixed until the contract
and observation are chosen.

6.1 Why the geometry has four levels
The ladder is derived from the information required by the decision, not from an aesthetic preference for several
sets. Three distinct losses occur.

From P to R: forgetting realization identity. The signature map partitions P into fibers

σ−1
T (r) = {P ∈ Pρ

F (T ) : σT (P ) = r}.

Two realizations in one fiber consume the same retained coordinates, yet can have different event DAGs, schedules,
layouts, reliability structure, or legal embeddings. Any objective that inspects those distinctions remains a function
on P, not merely on R.

From R to Γ: forgetting exact slack. For r ∈ R and s ≥ r coordinatewise, s represents a provisioned budget
that can serve the realization with signature r. A continuous monotone cost can never prefer s to r, so adjoining
every such s changes neither the optimum nor the complete response map. Closure adds limits of attainable or
provisioned sequences, exactly the information needed for continuous queries. Hence Γ = cl up R is the canonical
quotient for that observation class.

From Γ to K: forgetting nonconvex distinctions. For an additive nonnegative price w, the value of a
signature is ⟨w, r⟩. Linear functionals have the same infimum on a set, its convex hull, and its closure. Upper
closure is likewise invisible because w ≥ 0. Therefore every such price sees precisely K = cl conv Γ. A nonlinear
monotone objective can still distinguish Γ from K, and a realization-sensitive objective can distinguish P from all
three signature images.
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Definition 6.3 (Decision equivalence and sufficient representation). Let D be a class of real-valued decision
objectives on a realization family. Two retained families A ,B ⊆ P are D-equivalent when

inf
P ∈A

D(P ) = inf
P ∈B

D(P ) for every D ∈ D.

A representation Q is sufficient for D when equality of Q for two families implies their D-equivalence, and complete
when the converse also holds.

Theorems 6.9 and 6.11 show that Γ and K are complete representations for their respective decision classes. In
the terminology of statistical decision theory, they play a role analogous to sufficient information structures; in
the terminology of abstract interpretation, they are exact abstractions for the named query classes. CRG adds
realization semantics and technology-conditioned selection to that sufficiency statement.

The diagram is also a statement about information flow through a design process. The map σT forgets which
realization produced a given signature. Upper closure forgets whether a larger provisioned point is itself attained,
because every monotone resource objective treats it as no better than a dominated attainable point. Convexification
forgets nonconvex distinctions that no additive price can observe. No further reduction is licensed without specifying
a smaller decision class.

6.2 Invariance and coherent hierarchy maps
Proposition 6.4 (Semantic isomorphism invariance). Suppose F ′ is obtained from F by bijective relabelings
of input alphabets, output alphabets, and terminal identities. Relabel every hierarchy and conjugate every local
realization map by those bijections. This gives coordinate-preserving bijections

Rρ
F (T ) ∼= Rρ

F ′(T ′), Γρ
F (T ) ∼= Γρ

F ′(T ′), Kρ
F (T ) ∼= Kρ

F ′(T ′).

Thus the geometry depends on semantic structure and the resource contract, not on symbol names or terminal labels.
Proof. Conjugating a legal protocol or circuit by terminal bijections preserves its event structure, resource use,
accounting convention, and interface traffic; the inverse relabeling recovers the original realization.

Definition 6.5 (Hierarchy contraction and signature projection). A contraction q : T → T ′ partitions V (T ) into
connected fibers and replaces each fiber by one supervertex; terminal placements are pushed forward by q. Since T
is a tree, every edge e′ of T ′ corresponds to a unique edge e of T joining the endpoint fibers. For an edge-indexed
signature c, define

(πqc)e′ = ce.

Other retained coordinates are pushed forward by their declared aggregation laws in q∗ρ.
Theorem 6.6 (Hierarchy-contraction consistency). For every admissible contraction q : T → T ′:
(a) the canonical directed contextual state on every surviving oriented cut is unchanged up to canonical isomorphism;
(b) every legal causal realization on T pushes forward to a legal realization on T ′ with retained traffic vector πqc

under q∗ρ; and
(c) consequently,

πqRρ
F (T ) ⊆ Rq∗ρ

F (T ′), πqΓρ
F (T ) ⊆ Γq∗ρ

F (T ′), πqKρ
F (T ) ⊆ Kq∗ρ

F (T ′).
Proof. For a surviving edge, contraction does not change the two terminal sets separated by its cut, so the contextual
equivalence relation is identical. For a general protocol, treat each connected fiber as one local superprocessor and
execute all events internal to it locally. Only messages crossing the unique fine edge corresponding to a coarse
edge remain, producing πqc. Upper closure, topological closure, convexification, and coordinate projection give the
stated inclusions.

Theorem 6.7 (Decomposition-system coherence). The structure maps satisfy

πidT = id, πr◦q = πr ◦ πq,

and their contracts satisfy (r ◦ q)∗ρ = r∗(q∗ρ). Semantic hierarchy isomorphisms act by coordinate bijections and
commute with the projections. Thus Gρ

F is a coherent decomposition-indexed system, not a bare collection of feasible
regions.
Proof. Every surviving coarse edge corresponds to the same unique original tree edge whether contractions are
applied at once or successively, so coordinate restriction composes exactly. Connected-fiber localization and
aggregation of retained resource charges are associative by Theorem 3.3. Relabelings only rename coordinates and
local symbols and hence commute with projection.
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6.3 Monotone reconstruction and linear duality
Definition 6.8 (Monotone interface-cost response). For a continuous coordinatewise nondecreasing Φ : Rd(T )

+ → R+,
define

VF,ρ,T (Φ) = inf
r∈Rρ

F
(T )

Φ(r),

with value +∞ if the hierarchy is infeasible.

Theorem 6.9 (Reconstruction by monotone interface observations). For every feasible hierarchy T :
(a) every continuous coordinatewise nondecreasing cost satisfies

VF,ρ,T (Φ) = inf
x∈Γρ

F
(T )

Φ(x);

(b) the full response Φ 7→ VF,ρ,T (Φ) reconstructs Γρ
F (T ) exactly. In particular, for a ∈ Rd(T )

+ , let

Φa(x) = ∥(x− a)+∥∞.

Then
a ∈ Γρ

F (T ) ⇐⇒ VF,ρ,T (Φa) = 0;

(c) the decomposition-indexed response functional (T ,Φ) 7→ VF,ρ,T (Φ) and the family of upper obligation regions
{Γρ

F (T )}T determine one another, up to coordinate relabelings declared by ρ.
Conversely, those regions determine every query in this observation class. The completeness claim does not extend
automatically to objectives depending on a realization fiber, causal timing, switching activity, or physical embedding.

Proof. Monotonicity gives infup R Φ = infR Φ: increasing any provisioned coordinate cannot improve the cost.
Continuity preserves the infimum under closure, proving (a).

If a ∈ Γ, then Φa(a) = 0. Conversely, if the infimum is zero, choose xn ∈ Γ with ∥(xn − a)+∥∞ → 0 and set
yn = xn ∨ a coordinatewise. Upper closure gives yn ∈ Γ, while yn → a; closedness gives a ∈ Γ. Applying this
membership test on every admissible hierarchy proves (c), and the converse follows from (a).

Definition 6.10 (Lower linear support cost). For w ∈ Rd(T )
+ , define

hF,ρ,T (w) = inf
c∈Kρ

F
(T )

⟨w, c⟩.

Theorem 6.11 (Linear-cost-body duality). Let K ⊆ Rm
+ be nonempty, closed, convex, and upper closed, and put

hK(w) = infx∈K⟨w, x⟩ for w ≥ 0. Then

K = {x ∈ Rm
+ : ⟨w, x⟩ ≥ hK(w) for every w ∈ Rm

+ }.

Thus the optimum under every additive nonnegative interface-price system uniquely determines the linear-cost body
[2].

Proof. Every x ∈ K satisfies the inequalities by definition. Conversely, let x /∈ K. Strong separation gives a and α
with

⟨a, x⟩ < α ≤ ⟨a, y⟩ for every y ∈ K.
The separator must satisfy a ≥ 0: if aj < 0, upper closure would put y+ tej in K for every t ≥ 0, driving ⟨a, y+ tej⟩
to −∞. Hence a is an allowed price vector and ⟨a, x⟩ < hK(a).

Corollary 6.12 (Linear-price completeness). For a fixed hierarchy, Kρ
F (T ) and the response h(w) determine one

another, and distinct bodies are separated by a nonnegative price vector. Convexification is exact for additive linear
interface prices; general monotone costs require Γ, while objectives distinguishing realizations with one signature
require P.

Definition 6.13 (Decision-response equivalence). Let C be a class of objectives on a common signature space. Two
nonempty realization families A and B are C-equivalent when

inf
P ∈A

C(σT (P )) = inf
P ∈B

C(σT (P )) for every C ∈ C.

A statistic of a realization family is decision sufficient for C when equality of that statistic is equivalent to
C-equivalence.
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Theorem 6.14 (Canonical decision quotients). Fix F , ρ, and T .
(a) For the class C↑ of continuous coordinatewise nondecreasing signature objectives, the map A 7→ ΓA is a

complete decision-sufficient statistic.
(b) For the class C+ of additive objectives c 7→ ⟨w, c⟩ with w ≥ 0, the map A 7→ KA is a complete decision-sufficient

statistic.
(c) Neither quotient is complete for objectives that distinguish realizations in the same signature fiber; those

objectives require the registry P or an enriched signature.
Consequently, the ladder P → R → Γ → K is an ordered family of exact observation quotients rather than a
sequence of heuristic summaries.

Proof. Part (a) follows from Theorem 6.9: the complete monotone response reconstructs the upper region, and the
upper region computes every response. Part (b) follows from Theorems 6.11 and 6.12. For (c), choose two distinct
realizations P1, P2 with σT (P1) = σT (P2) and an objective that assigns different costs to their schedules, causal
structures, or embeddings. Every statistic factoring only through the common signature gives them the same value,
whereas the realization-sensitive objective separates them.

The theorem is a deterministic design analogue of statistical decision sufficiency: the sufficient object is defined
by the family of questions that must remain answerable. It also supplies the precision order for abstraction. When
only additive prices remain, K is sufficient. When nonlinear monotone constraints or bottleneck objectives remain,
Γ is required. When exact discrete alternatives matter, R is required. When schedule, architecture, or physical
embedding matters, the realization fiber must be retained.

6.4 Safe commitment and insufficiency of scalar summaries
For a retained family ∅ ̸= A ⊆ Pρ

F (T ) and an admissible signature objective C, define the commitment regret

RegretC(A ) = inf
P ∈A

C(σT (P )) − inf
P ∈Pρ

F
(T )

C(σT (P )) ≥ 0. (6.1)

A reduction is safe for a declared decision class exactly when it leaves every optimum in that class unchanged. The
next theorem identifies the corresponding geometric invariants.

Theorem 6.15 (Safe-Commitment Law: universal lossless retention). Let ∅ ̸= A ⊆ Pρ
F (T ) be a retained realization

family and define
ΓA = cl upσT (A ), KA = cl conv ΓA .

Then:
(i) A preserves the optimum of every continuous coordinatewise nondecreasing signature objective if and only if

ΓA = Γρ
F (T );

(ii) it preserves the optimum under every additive nonnegative price if and only if KA = Kρ
F (T ); and

(iii) if either equality fails, a member of the corresponding observation class has strictly positive commitment
regret in the sense of Equation (6.1).

Proof. Suppose first that ΓA = Γρ
F (T ). Every continuous monotone objective has the same infimum on a realization

family and on the upper closure of its signatures by Theorem 6.9; hence the retained and full optima agree. The
same argument with linear-cost duality proves sufficiency of KA = Kρ

F (T ) for additive prices.
For necessity in the monotone class, assume every monotone optimum agrees. For any a ∈ Rd(T )

+ , apply the
membership probe Φa(x) = ∥(x− a)+∥∞. The retained response is zero exactly when a ∈ ΓA , and the full response
is zero exactly when a ∈ Γρ

F (T ). Equality of all responses therefore gives pointwise equality of the two regions.
For necessity in the linear-price class, equality of every nonnegative linear response gives the same support

function on the nonnegative orthant. Theorem 6.11 reconstructs the two closed convex upper bodies from those
responses, so they are equal.

Finally, if ΓA ̸= Γρ
F (T ), choose a in their set difference. The probe Φa has full optimum zero and retained

optimum strictly positive, producing commitment regret. If the convex bodies differ, strong separation by a
nonnegative vector w gives an additive price whose retained optimum is strictly larger than the full optimum.
These objectives are explicit witnesses to the information lost by the reduction.
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Corollary 6.16 (Strict engineering-cost separation). Let ΓA ⊊ Γ be closed upper sets generated by a retained
family A and by the full legal realization family, respectively. Then there exists a continuous, coordinatewise strictly
increasing, coercive cost Φ : Rd

+ → R+ such that

inf
x∈Γ

Φ(x) < inf
x∈ΓA

Φ(x).

Consequently, loss of the monotone-decision geometry is witnessed by an engineering-style cost that penalizes every
declared resource, not only by a membership probe.

Proof. Choose a ∈ Γ \ ΓA and set
δ := inf

x∈ΓA

∥(x− a)+∥∞.

Closed upperness implies δ > 0: otherwise a sequence in ΓA would approach a after taking coordinatewise maxima
with a, and closedness would place a in ΓA . Choose

0 < ε <
δ

1 +
∑

i ai

and define
Φ(x) := ∥(x− a)+∥∞ + ε

∑
i

xi.

The positive linear term makes Φ coordinatewise strictly increasing and coercive. Every x ∈ ΓA satisfies Φ(x) ≥ δ,
whereas Φ(a) = ε

∑
i ai < δ. Since a ∈ Γ, strict separation follows.

Corollary 6.17 (Finite-registry retention tests). Suppose Pρ
F (T ) is finite.

(a) A retained family is complete for all continuous monotone signature objectives exactly when every discarded
signature is coordinatewise dominated by a retained signature.

(b) It is complete for all additive nonnegative prices exactly when every full signature lies in conv(σT (A )) +Rd(T )
+ .

(c) If a named finite technology ledger Θ has attained minima, the smallest requirement is argmin hitting:
A ∩ argminP Cθ(P ) ̸= ∅ for every θ ∈ Θ.

Proof. For a finite set, the minimal points of its upper closure are precisely the nondominated signatures, proving
(a). Convexification of a finite upper set is conv(σ(P)) +Rd

+, proving (b). Part (c) is the finite-ledger specialization
proved in Theorem 16.10.

Safe-commitment principle. Within the declared observation class, a realization may be discarded only when
the relevant geometry is unchanged. Equivalently, discard a realization only when every future decision in that
class is unable to detect that it is gone.

Derivation of the law

The equivalence can be read constructively in both directions.
Sufficiency. If ΓA = Γ, then every continuous monotone objective has the same infimum on the retained and

full families because both optimize over the same complete upper region. If KA = K, the same statement holds for
every additive nonnegative price by linear-cost duality.

Necessity. Suppose the retained upper region omits a point a ∈ Γ. The probe

Φa(x) = ∥(x− a)+∥∞

has full-family optimum zero but retained-family optimum strictly positive; it is therefore an explicit witness of
commitment regret. If instead the convex bodies differ, a nonnegative separating price w gives a strict value gap.
The law is thus not a heuristic preference for diversity. It is a complete equivalence between a geometric equality
and preservation of an entire class of future decisions.
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Three worked retention regimes

Universal monotone regime.
Every resource objective that is continuous and worsens when any coordinate increases remains admissible. A
discarded finite-registry point is safe exactly when a retained point dominates it.

Additive-price regime.
Future decisions are restricted to w · r with w ≥ 0. A discarded point can remain safe even when it is not
dominated, provided it lies in the convex upper hull generated by retained points.

Named technology ledger.
Only a finite set of technology/objective pairs remains open. It is sufficient to retain a family that intersects
the argmin set of every ledger entry, as formalized later by the argmin-hitting theorem. This quotient can be
much smaller than either universal geometry.

These regimes separate a universal theorem from a practical retention policy. The decision class is declared first;
the smallest sufficient realization record follows from that declaration.

For a finite registry, universal monotone retention means that every discarded signature is dominated by a
retained one. Linear-price retention permits the weaker test

Rρ
F (T ) ⊆ conv

(
σT (A )

)
+ Rd(T )

+ .

These statements are universal only relative to their named observation classes; a fixed finite technology ledger can
require less data.
Theorem 6.18 (Strict insufficiency of marginal and scalar summaries). There are two closed upper feasible regions
with identical coordinate floors, minimum total traffic, and minimum bottleneck width, but different technology-price
responses. Let

ΓA = up{(1, 2), (2, 1)}, ΓB = up{(1, 3), (2, 1)}.
Both satisfy

(inf x1, inf x2) = (1, 1), inf(x1 + x2) = 3, inf max{x1, x2} = 2.
Yet for w = (10, 1),

inf
x∈ΓA

⟨w, x⟩ = 12, inf
x∈ΓB

⟨w, x⟩ = 13.

The jointly realizable region therefore retains operational information lost by coordinatewise minima, total width,
and bottleneck width.
Proof. Evaluate the two Pareto-minimal points of each upper region. Under w = (10, 1), (1, 2) minimizes ΓA at 12,
while (1, 3) minimizes ΓB at 13; (2, 1) costs 21 in both.

Example 6.19 (Why the exact region cannot be convexified universally). Suppose the only exact signatures are
r = (0, 2) and s = (2, 0). Their convex linear-cost body contains (1, 1). Every linear price has the same infimum on
the two raw points and on the body, but the monotone convex objective Φ(c) = max{c1, c2} has exact optimum 2
and convex-relaxation optimum 1. Thus K is exact for linear prices, R preserves discrete joint alternatives, and P
is required to preserve architecture identity within each signature fiber.
Proposition 6.20 (Price reversal for incomparable signatures). If r, s ∈ Rm

+ are incomparable in coordinate order,
there are nonnegative prices w,w′ such that

⟨w, r⟩ < ⟨w, s⟩, ⟨w′, s⟩ < ⟨w′, r⟩.

No price-independent monotone scalar ranking can therefore agree with every nonnegative linear price system.
Proof. Incomparability gives coordinates i, j with ri < si and rj > sj . Take w = ei and w′ = ej .

7 Monotonicity and composition
Proposition 7.1 (Resource monotonicity). If ρ ⪯ ρ′, then on every hierarchy admissible under both contracts,

Rρ
F (T ) ⊆ Rρ′

F (T ), Γρ
F (T ) ⊆ Γρ′

F (T ), Kρ
F (T ) ⊆ Kρ′

F (T ),

and
hF,ρ′,T (w) ≤ hF,ρ,T (w) for all w ≥ 0.

If Λ′ also admits more hierarchies than Λ, a global hierarchy optimum can only improve further.
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Proof. Relaxation is inclusion of legal realizations by definition. Applying σT , upper closure, closure, and
convexification preserves inclusion. Taking an infimum over the larger body proves the price inequality.

Proposition 7.2 (Local data processing). Suppose F ′ = pout ◦F ◦ pin, where pin and pout are implementable locally
at the input and output terminals for free under ρ. Every realization of F then induces a realization of F ′ with the
same interface signature. Hence

Kρ
F ′(T ) ⊇ Kρ

F (T ), hF ′,ρ,T (w) ≤ hF,ρ,T (w).

Local processing can encode or discard communication demand, but cannot make the derived task more expensive
under the same interface prices.

Proof. Precompose each input terminal with pin, run the realization of F , and postcompose its output terminals
with pout. The added maps are local and free, so no interface coordinate changes. Region inclusion and the
support-cost inequality follow.

Theorem 7.3 (Exact product additivity for canonical summaries). Let F1 and F2 have disjoint input and output
alphabets placed on the same tree, and consider their product computation F1 ×F2. In the separable directed-summary
model,

QF1×F2
u→v

∼= QF1
u→v ×QF2

u→v

on every oriented edge, and therefore

κu→v(F1 × F2) = κu→v(F1) + κu→v(F2).

If κ̂ = ⌈κ⌉ is the minimum fixed-bit width of one canonical summary, then

κ̂(F1) + κ̂(F2) − 1 ≤ κ̂(F1 × F2) ≤ κ̂(F1) + κ̂(F2).

Semantic capacities add exactly; joint fixed-bit packing can save at most one bit per directed interface relative to
separate rounding.

Proof. If two product-side assignments are equivalent for both component outputs on the opposite side, they are
equivalent for the ordered output pair. Conversely, if they are inequivalent for either component, fix all variables of
the other component and use a distinguishing opposite-side context for the first; the ordered output differs. The
equivalence relation is therefore the Cartesian product relation, class cardinalities multiply, and logarithms add.
The fixed-bit inequalities are the elementary bounds for the ceiling of a sum.

Proposition 7.4 (Constructive subadditivity and communication synergy). Let F1, F2 be governed by ρ1, ρ2, and
suppose the product contract ρ1 ⊕ ρ2 permits side-by-side execution with additive local resources. In any interactive
realization model closed under that parallel execution,

hF1×F2,ρ1⊕ρ2,T (w) ≤ hF1,ρ1,T (w) + hF2,ρ2,T (w).

Define
Synw(F1, F2) = hF1,ρ1,T (w) + hF2,ρ2,T (w) − hF1×F2,ρ1⊕ρ2,T (w) ≥ 0.

This is the price-weighted communication saved by shared encodings, intermediate computation, or control relative
to separate realization. Exact direct-sum behavior is the case Synw = 0; information-complexity direct-sum results
are neighboring tools [3, 4].

Proof. Choose realizations of the two tasks arbitrarily close to their separate infima and execute them side by side.
The product contract makes their signatures additive, so the resulting price is the sum. Taking the infimum over
all joint realizations gives the inequality and nonnegativity of Synw.

Serial composition has the analogous constructive bound: concatenate realizations and eliminate the intermediate
terminal. Joint optimization may improve it by fusing the intermediate representation; that serial fusion gain is the
sequential analogue of Synw. It is a quantity defined by the full geometry, not an automatic equality.
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Part II

Scaling laws from resource geometry
8 A scale profile from one legal realization
Fix a computation F , a resource contract ρ, an admissible recursive hierarchy T , and one ρ-legal realization P .
The foundations associate a typed interface signature with every boundary of T and collect the jointly attainable
signatures in a realization region. A scale profile is a projection of one such jointly attainable signature; it is not a
sequence obtained by minimizing each scale independently.

Let G denote total local work in the declared accounting unit. At hierarchy level k, let Πpart,k be the module
partition and let gk = G/|Πpart,k| be its nominal scale. The level is ζ-size-regular when every nonresidual module
M ∈ Πpart,k satisfies

ζgk ≤ |M | ≤ gk, 0 < ζ ≤ 1,
with the same ζ across the measured levels. Fix a typed projection πχ of the interface signature—for example,
fixed-bit terminal incidence per operation under a declared fanout convention—and write

T (M) = πχ([σT (P )]M ) > 0

on the levels retained for logarithmic analysis.

Definition 8.1 (Fixed-realization level-mean profile). For a size-regular level, define

Rk = 1
|Πpart,k|

∑
M∈Πpart,k

T (M), gk = G

|Πpart,k|
.

The sequence {(gk, Rk)} is the level-mean scale profile of (F, ρ, P, T , πχ). Between adjacent hierarchy scales, its
canonical interpolation is log-linear: logR is affine in log g. Every derivative or local slope below refers to that
interpolation unless a smooth continuum model is explicitly supplied.

For irregular partitions, either bin modules into fixed-ratio size classes or retain the full per-module scatter.
The nominal value G/|Πpart,k| is not by itself a valid scale label when module sizes vary without control. Likewise,
profiles with different terminal placement, hierarchy, traffic type, or accounting rule belong to different projections
and must not be silently pooled.

The absolute terminal incidence at a level is

C(gk) =
∑

M∈Πpart,k

T (M).

For |Πpart,k| ≍ G/gk,
R(gk) = gk

G
C(gk)

up to the fixed size-regularity constants. Circuit cut profiles, memory-traffic hierarchies, and component-plus-
interface spectra are thus different typed projections of the same kind of fixed-realization object. The obligation
region Γρ

F (T ) may supply outer bounds on such profiles, but the profile itself is always traced through one legal
realization across all measured levels. This coherence condition is fundamental: independently minimizing each scale
would assemble a curve whose points may come from mutually incompatible algorithms, schedules, or hierarchies.

From incidence to a Rent-like profile. Suppose a level has mk approximately equal modules, each of size
gk ≍ G/mk, and aggregate external incidence C(gk). The mean incidence is

R(gk) = C(gk)
mk

≍ gk

G
C(gk).

If the aggregate incidence scales as C(g) ≍ Ggp−1ℓ(g), then the level mean scales as R(g) ≍ gpℓ(g). Thus the
familiar pin-versus-block exponent is a projection of how aggregate boundary incidence changes along one hierarchy.
The factor g/G is not cosmetic: it converts a level total into a per-module quantity and makes the measurement
convention explicit.
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9 Stable dilation limits and finite hierarchy phase
Definition 9.1 (Regular variation). A measurable positive function R is regularly varying with index p, written
R ∈ RVp, if

lim
g→∞

R(λg)
R(g) = λp for every λ > 0.

A function in RV0 is slowly varying.

Theorem 9.2 (Stable-scale limit). Let R : (g0,∞) → (0,∞) be measurable. Suppose that for every λ > 0 the finite
positive limit

Q(λ) = lim
g→∞

R(λg)
R(g)

exists. Then there is a unique p ∈ R such that
Q(λ) = λp

for all λ > 0. Consequently,
R(g) = gpℓ(g)

for a slowly varying function ℓ.

Proof. For λ, µ > 0,
R(λµg)
R(g) = R(λµg)

R(µg)
R(µg)
R(g) .

Taking limits gives Q(λµ) = Q(λ)Q(µ). The pointwise limit of measurable functions is measurable, so Q is a
positive measurable multiplicative function. Setting φ(t) = logQ(et) gives a measurable additive function and
hence φ(t) = pt for a unique p. Therefore Q(λ) = λp. Defining ℓ(g) = R(g)/gp gives ℓ(λg)/ℓ(g) → 1 [54].

Corollary 9.3 (Pure power as an exact fixed point). If R(λg) = λpR(g) for every g, λ > 0, then

R(g) = tgp

for t = R(1). Conversely, every pure power has exact scale covariance.

The exact power is therefore one fixed point. Stable dilation limits also admit a slowly varying envelope, which
can remain numerically important over every realizable design scale. The theorem separates two pieces of the
profile:

logR(g) = p log g + log ℓ(g).

The first term is the scale index; the second is the finite-scale envelope. A fitted line estimates both at once. CRG
therefore treats a measured exponent as a windowed observation of a typed realization profile rather than as an
intrinsic scalar attached to the computation.

9.1 Preferred dilation factors
Digital hierarchies often repeat only at a declared factor b > 1. Covariance under one factor is weaker than regular
variation.

Theorem 9.4 (Discrete scale covariance). Fix b > 1. A positive function satisfies

R(bg) = bpR(g) for all g > 0

if and only if
R(g) = gpψ(logb g)

for a positive 1-periodic function ψ.

Proof. Define ψ(t) = b−ptR(bt). The covariance relation gives ψ(t+1) = ψ(t). Substitution proves the converse.

This is the discrete-scale-invariance mechanism behind log-periodic corrections [55]. A binary or quadtree
hierarchy can have a stable mean exponent while retaining a phase oscillation in logarithmic coordinates.
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Theorem 9.5 (Two-scale criterion). Let R be eventually nondecreasing. Suppose there exist a, b > 1 and p ≥ 0
such that log a/ log b is irrational and

R(ag)
R(g) → ap,

R(bg)
R(g) → bp.

Then R ∈ RVp.

Proof. The subgroup {ambn : m,n ∈ Z} is dense in R+. Repeated application of the two limits, including reciprocal
limits for negative powers, gives R(hg)/R(g) → hp for every subgroup element h. For arbitrary λ > 0, choose
subgroup elements h− < λ < h+ arbitrarily close to λ. Eventual monotonicity gives

R(h−g)
R(g) ≤ R(λg)

R(g) ≤ R(h+g)
R(g) .

First take g → ∞ and then h± → λ.

One preferred factor can therefore preserve hierarchy phase; stable scaling at two incommensurate factors
removes that ambiguity. In physical terms, a binary hierarchy can revisit the same structural phase every time
scale is multiplied by two. A second incommensurate dilation probes the profile at a dense set of logarithmic phases
and forces the periodic factor to collapse to a constant.

9.2 Normalized dilation action and phase ratios
Definition 9.6 (Normalized dilation action). For a positive measurable profile, considered modulo a positive
amplitude, choose the representative R(1) = 1 and define

(DaR)(x) = R(ax)
R(a) , a > 0.

Then DaDc = Dac.

Proposition 9.7 (Fixed points and scale cycles). A positive measurable profile is fixed by every Da exactly when
R(x) = xp. For a declared hierarchy factor b > 1, it is fixed by Dh

b exactly when

R(x) = xpψ(logb x)

for a positive h-periodic ψ normalized by ψ(0) = 1. Finally, DaR → xp locally uniformly as a → ∞ exactly when
R ∈ RVp.

Proof. Full invariance is the measurable multiplicative equation R(ax) = R(a)R(x), whose positive solutions
are powers. Discrete invariance follows by setting ψ(t) = b−ptR(bt) and imposing h-periodicity; the converse is
immediate. The last statement is the uniform convergence theorem for regular variation [54].

The following result characterizes the observable scalar sequence. It does not infer the latent mechanism that
generated that sequence.
Theorem 9.8 (Phase-ratio characterization). Fix gk = g0b

k and a positive sequence Yk with its canonical log-linear
interpolation. For an integer h ≥ 1, the phasewise limits

Ynh+j+1

Ynh+j
−→ cj > 0, j = 0, . . . , h− 1,

exist if and only if
Y (g) = Y (g0)(g/g0)pL(g)ψ(logb(g/g0)) ,

where

p =
log
∏h−1

j=0 cj

h log b ,

L ∈ RV0, and ψ is positive, log-linearly interpolated, and h-periodic. Under this interpolation, Y ∈ RVp exactly
when all cj = bp. If ∑

k

∣∣∣∣log Yk+1/Yk

ck mod h

∣∣∣∣ < ∞,

then L(g) → L∞ ∈ (0,∞).
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Proof. Set a0 = 1 and aj+1 = ajcjb
−p; the definition of p gives ah = a0. For k = nh+ j, define

Lk = Yk

Y0bpkaj
.

Then Lk+1/Lk → 1. An interval from g to λg crosses only a bounded number of hierarchy cells, and the
logarithmic increment on each late cell tends to zero. Hence the log-linear interpolation of Lk is slowly varying.
Periodically interpolate aj to obtain ψ. Substitution proves the reverse implication. A nonconstant ψ leaves distinct
phase-subsequence ratios, whereas absolute summability makes logLk a convergent series.

The adjacent log slopes
sk = log(Yk+1/Yk)

log b
therefore converge to one value in the regularly varying class, converge to an h-cycle in the finite-phase class, and
do neither outside those output classes. The theorem provides an observable classification independent of a latent
mechanism. It answers the empirical question first—what ratio law does the measured profile exhibit?—and leaves
the mechanistic question to the positive-mode and mixture theorems that follow.

10 Windowed estimators and finite-scale bias
For a differentiable profile define the local logarithmic slope

ploc(g) = d logR(g)
d log g .

If R(g) = gpℓ(g), then

ploc(g) = p+ d log ℓ(g)
d log g .

The correction need not be monotone and need not be small on realizable scales.

Theorem 10.1 (Multiplicative-window convergence). Let R(g) = gpℓ(g) with ℓ slowly varying. Fix distinct
multipliers λ1, . . . , λJ > 0. At anchor t, fit the unweighted ordinary-least-squares slope of(

log(tλj), logR(tλj)
)J

j=1.

Then
p̂(t) → p.

Proof. Let aj be the OLS slope weights. They are independent of t and satisfy∑
j

aj = 0,
∑

j

aj log λj = 1.

Therefore
p̂(t) = p+

∑
j

aj log ℓ(tλj) = p+
∑

j

aj log ℓ(tλj)
ℓ(t) .

Every term tends to zero by slow variation.

A fitted slope can thus converge under outward shifts of a fixed multiplicative window even when the exact
relation is not a pure power. The slowly varying term controls finite-window bias. For example, R(g) ≍ g/ log g
belongs to RV1 but has smooth local slope

1 − 1
log g ,

which converges slowly. Butterfly and FFT-like recursive structures provide canonical examples of this correction
[56].
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Figure 2: Exact scale covariance, regular variation with a logarithmic correction, and discrete scale invariance can share an
asymptotic index while producing different finite-scale slopes.

Figure 3: A multiplicative-window regression of g0.62/ log(e + g) converges to its regular-variation index while retaining
finite-scale bias.

11 Recursive mechanisms and certified scaling basins
The output characterizations in Section 9 identify the forms of stable scalar profiles. This section derives mechanisms
that produce those forms from recursive realization structure. A hierarchy level is not represented by one number
alone: its boundary traffic can be decomposed into modes associated with components, interfaces, fanout classes,
protocol classes, or other typed contributions. The vector vk records those modes; the matrix Ak records how one
level composes them into the next; and the observation vector u selects the profile reported to the designer.

Recursive positive composition supplies a renormalization mechanism. Projective mixing forgets the initial mode
proportions while retaining total amplitude; periodic composition retains a hierarchy phase; vanishing perturbations
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create a slowly varying envelope. This yields a derivation of scale behavior from a registered realization mechanism
rather than an inference from a fitted line.

Theorem 11.1 (Summable scalar distortion). Let b > 1, c > 0, and suppose a positive profile on gk = g0b
k obeys

R(gk+1) = cR(gk)(1 + εk), εk > −1,

with
∑

k≥0 |εk| < ∞. Then
∏

j<k(1 + εj) converges to a finite positive limit and

R(gk) = Θ(ck) = Θ(gp
k), p = logb c.

Under the canonical log-linear interpolation, the profile is regularly varying with index p and in fact has an
asymptotically constant reduced amplitude.

Proof. Iteration gives
R(gk) = R(g0)ck

∏
j<k

(1 + εj).

Absolute summability, positivity of every factor, and the convergence of
∑

j log(1 + εj) after a finite prefix imply a
positive finite product limit. Since ck = (gk/g0)logb c, the result follows.

The vector mechanism retains mode composition and hierarchy phase rather than reducing the recursion to one
scalar multiplier.

Definition 11.2 (Positive interface-mode cocycle). At scales gk = g0b
k, let vk ∈ Rm

++ collect typed interface modes,
let u ∈ Rm

++ be the declared observation vector, and write

vk+1 = Akvk + ηk, Yk = u⊤vk, zk = vk

u⊤vk
.

The relative recursion error is
δk = max

i

|(ηk)i|
(Akvk)i

.

Every sufficiently late Ak is nonnegative and maps the cone interior into itself, and each perturbed update remains
in the cone interior. The law is asymptotically h-periodic when

Anh+j −→ A(j), j = 0, . . . , h− 1,

in any fixed matrix norm. Each limiting phase map preserves the cone interior. With

M = A(h−1) · · ·A(0),

the limiting law is projectively mixing after finite coarse graining when Mν > 0 entrywise for some fixed integer
ν ≥ 1.

For x, y > 0, Hilbert’s projective metric is

dH(x, y) = log maxi xi/yi

mini xi/yi
.

A positive matrix has finite projective diameter and contracts this metric [50, 51].

Theorem 11.3 (Perron–Floquet scaling on the certified mixing class). Under Theorem 11.2, suppose v0 > 0,
Mν > 0 for some fixed ν, and δk → 0. Then:

(i) there is a unique positive u-normalized phase cycle r0, . . . , rh−1 such that

znh+j → rj , rj+1 = A(j)rj

u⊤A(j)rj
,

for every admitted positive initial trajectory, with phase indices read modulo h;
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(ii) with cj = u⊤A(j)rj,
Ynh+j+1

Ynh+j
→ cj ,

h−1∏
j=0

cj = spr(M);

(iii) the profile has

Y (g) = Y (g0)(g/g0)pL(g)ψ(logb(g/g0)) , p = log spr(M)
h log b ,

where L ∈ RV0 and ψ is positive and h-periodic; and
(iv) at hierarchy phase j,

Dg0bnh+jY (x) −→ xpψ(j + logb x)
ψ(j)

locally uniformly for x > 0.
If all cj = bp, then Y ∈ RVp. A nonconstant minimal phase sequence yields asymptotic discrete scale invariance. If∑

k

(
∥Ak −A(k mod h)∥ + δk

)
< ∞,

then L(g) → L∞ ∈ (0,∞).

Proof. Write [x]u = x/(u⊤x). On the normalized cone section {z > 0 : u⊤z = 1}, define the unperturbed maps

Fk(z) = Akz

u⊤Akz
.

Because δk → 0, eventually δk < 1. The componentwise relative error bound gives

(1 − δk)Akvk ≤ Akvk + ηk ≤ (1 + δk)Akvk.

Consequently,
dH(zk+1,Fk(zk)) ≤ log 1 + δk

1 − δk
= O(δk). (11.1)

This is the required perturbation bookkeeping. It permits signed ηk provided the relative bound and cone-interior
condition hold.

Group the recursion into periods and then into primitive blocks:

Bn = Anh+h−1 · · ·Anh, Cn = Bnν+ν−1 · · ·Bnν .

Then Bn → M and Cn → Mν > 0 entrywise. After a finite prefix, the νh-step phase-zero maps have uniformly
bounded projective diameter and one Birkhoff contraction coefficient κctr < 1. Let r0 be the u-normalized Perron
direction of M , equivalently of Mν , and set en = dH(znνh, r0). Nonnegative cone-interior maps are nonexpansive
in Hilbert metric. Applying (11.1) through one finite block, using Cn → Mν and [Mνr0]u = r0, gives

en+1 ≤ κctren + ϵn, ϵn → 0.

Hence en → 0. Propagation through the intervening period and phase maps gives

znh+j → rj , rj+1 = [A(j)rj ]u.

Because [Mr0]u = r0, the cycle closes. Primitivity of M makes r0, and therefore the whole phase cycle, unique and
independent of v0.

The scalar gain satisfies
Yk+1

Yk
= u⊤Akzk + u⊤ηk

Yk
. (11.2)

The perturbation term is controlled without assuming cancellation:∣∣∣∣u⊤ηk

Yk

∣∣∣∣ ≤ δk u
⊤Akzk = o(1). (11.3)
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Matrix and state convergence therefore yield the phasewise gains cj > 0. The cycle relation is A(j)rj = cjrj+1;
multiplying over one period gives

Mr0 =

∏
j

cj

 r0.

Perron–Frobenius theory implies
∏

j cj = spr(M). The profile representation and dilation limits now follow from
Theorems 9.7 and 9.8.

For the strengthened conclusion, discard a finite prefix. The normalized trajectory and limiting cycle then lie in
a compact subset of the cone interior, where normalization and the positive gain functional are uniformly Lipschitz.
If βn is the sum of matrix and relative errors in the nth νh-block, summability sharpens the recurrence to

en+1 ≤ κctren + Cβn,
∑

n

βn < ∞.

The contracted recurrence gives
∑

n en < ∞; finite-step propagation then gives∑
k

dH(zk, rk mod h) < ∞.

Equations (11.2)–(11.3) and Lipschitz continuity imply∑
k

∣∣∣∣log Yk+1/Yk

ck mod h

∣∣∣∣ < ∞.

The last clause of Theorem 9.8 makes the slowly varying envelope converge to a positive finite constant.

Interpretation of the Perron–Floquet exponent. Over one complete hierarchy period, the limiting product
M maps a mode mixture back to the same projective phase and multiplies its amplitude by spr(M). The hierarchy
scale grows by bh during the same period. Equating these two multiplicative changes gives

(bh)p = spr(M), p = log spr(M)
h log b .

The exponent is therefore the ratio of amplitude growth to scale growth. The phase factors cj distribute that
period gain among individual hierarchy steps, and the slowly varying factor records the residual nonperiodic drift.

Corollary 11.4 (Stationary primitive recursion). If Ak → A, A is primitive, and the relative recursion error tends
to zero, then

vk

u⊤vk
→ r,

Yk+1

Yk
→ spr(A), Y ∈ RVlogb spr(A).

If the matrix and relative errors are summable, then Y (g) ∼ Cglogb spr(A).

Proof. Apply Theorem 11.3 with h = 1.

Remark 11.5 (Scope of the basin certificate). The theorem classifies every admitted trajectory in the asymptotically
finite-periodic, projectively mixing, finite-mode class with vanishing relative error. It is an in-basin result after
membership hypotheses are supplied. It does not say that positivity, finite mode dimension, projective mixing, or
periodicity is necessary for an observed regularly varying profile. The scalar equivalence in Theorem 9.8 characterizes
output ratios, not latent dynamics. Nonlinear, infinite-mode, stochastic, imprimitive, quasiperiodic, or nonpositive
mechanisms remain outside this certificate and may require different theorems.

12 Arithmetic modes and finite-scale curvature
For a fixed realization and hierarchy, classify boundary events into disjoint internal component classes and an
interface class. Additive traffic accounting gives

R(g) =
J∑

j=1
Rj(g) +R∂(g). (12.1)
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For a netlist hypergraph H = (V,E) and module partition Πpart, let

CH(Πpart) =
∑

M∈Πpart

TH(M)

be aggregate terminal incidence. If V is divided into disjoint components Vi, with internal hyperedge sets Ei and
interface hyperedges E∂ , then

CH(Πpart) =
∑

i

CHi
(Πpart|Vi

) + C∂(Πpart).

Dividing by |Πpart| proves (12.1). Under the sum-of-external-degrees convention, every cut hyperedge contributes
once to every module it touches [52, 53]. The profile therefore composes arithmetically; fitted exponents generally
do not. In the differential identities below, the interface profile is included as one of the indexed positive modes
whenever it is active.

Let x = log g and let each positive mode Rj(ex) be twice differentiable. Define its local slope and traffic share by

ploc
j (g) = d logRj(g)

d log g , ωj(g) = Rj(g)∑
k Rk(g) .

The additive identity permits an exact differential decomposition. Writing x = log g, each mode obeys
R′

j(x) = ploc
j (x)Rj(x) and the total profile is R =

∑
j Rj . The traffic share ωj = Rj/R therefore acts as a probability

weight over active modes. Differentiating once gives the weighted mean of local exponents; differentiating again
separates curvature created by differences among modes from curvature already present within each mode.

Theorem 12.1 (Mode-mixture geometry). For R(g) =
∑

j Rj(g),

ploc(g) =
∑

j

ωj(g)ploc
j (g),

and
dploc

d log g = Varω(g)
(
ploc

j (g)
)

+
∑

j

ωj(g)
dploc

j (g)
d log g .

Proof. Differentiate logR to obtain the first identity. With x = log g,

ω′
j = ωj(ploc

j − ploc).

Differentiating ploc =
∑

j ωjp
loc
j and collecting terms gives the variance and drift decomposition.

For pure modes Rj = ajg
pj , the within-mode drift vanishes:

ploc =
∑

j

ωjpj ,
dploc

d log g = Varω(pj) ≥ 0.

Finite-scale curvature is thus a structural observable of heterogeneous crossover, not merely regression noise.

Corollary 12.2 (No exact heterogeneous scalar). A positive finite sum
∑

j ajg
pj equals one power law on an open

interval if and only if all active exponents pj are equal.

Proof. One power has zero log-curvature. By Theorem 12.1, pure modes have zero curvature exactly when their
weighted exponent variance is zero.

Theorem 12.3 (Dominant regularly varying mode). Let Rj ∈ RVpj
be a finite collection of positive functions and

let p⋆ = maxj pj. Then ∑
j

Rj ∈ RVp⋆
.

Every mode with exponent below p⋆ becomes asymptotically negligible relative to a positive mode with exponent p⋆.

Proof. Write Rj(g) = gpj ℓj(g). Ratios of regularly varying functions with distinct indices satisfy Rj/Rk → 0 when
pj < pk [54]. A finite sum of positive slowly varying functions is slowly varying; factor out gp⋆ .
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Figure 4: For pure modes, the whole-profile local slope is a traffic-weighted convex mixture and its log-curvature is the
weighted exponent variance.

13 Interface reach and terminal-boundary crossover
Let E∂ be the inter-component hyperedge set. At a size-g hierarchy level, let κg(e) be the number of modules
touched by hyperedge e. Under sum-of-external-degrees accounting, the exact interface profile is

R∂(g) = g

G

∑
e∈E∂

κg(e)1[κg(e) ≥ 2]. (13.1)

Interface-net count alone is not the multiscale variable; pin occupancy and hierarchy reach are part of the accounting.
For a two-pin net, κg(e) = 2 exactly while its endpoints remain separated. If N≥

∂ (g) counts such nets, then

R∂(g) = 2g
G
N≥

∂ (g).

If N≥
∂ (g) ≍ Gαg−ϑℓ(g), the interface mode has index p∂ = 1 − ϑ up to the slowly varying term. Against a core

Rcore(g) = Θ(gp) at g = Θ(Gβ), it is relevant when

α > 1 − β(p∂ − p).

Uniform random two-pin endpoints give p∂ = 1 away from terminal saturation.
For an r-pin hyperedge whose pins independently choose among m = G/g equal modules,

E[κg(e)] = m

[
1 −

(
1 − 1

m

)r]
,

and all pins occupy one module with probability m1−r. Hence

E[κg(e)1(κg(e) ≥ 2)] = m

[
1 −

(
1 − 1

m

)r]
−m1−r.

This is a fanout-resolved null model, not a placement model. A global broadcast hyperedge instead touches every
module and contributes one unit to the level mean. If K = Θ(Gα) global nets are present, then

Rbroadcast(g) = Θ(Gα),
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which dominates a core at g = Θ(Gβ) when
α > βp.

Clocks, resets, and coherence fabrics must therefore retain their actual fanout profiles rather than use a two-pin
surrogate.

Definition 13.1 (Declared cap response). A cap response is a continuous nondecreasing function Φ : (0,∞) → (0, 1]
satisfying

Φ(z)/z → 1 (z ↓ 0), Φ(z) → 1 (z → ∞).
For an interior profile I and declared terminal budget B, define

CB [I](g) = BΦ(I(g)/B).

The hard cap is Φ(z) = min{z, 1}; a soft rational cap is Φ(z) = z/(1 + z).

Theorem 13.2 (Boundary crossover). Let p > 0, let Bn → ∞, and choose gn → ∞ with I(gn)/Bn → 1.
(i) If I ∈ RVp, then

CBn
[I](gnx)
Bn

−→ Φ(xp)

locally uniformly for x > 0. The hard-cap limit is min{xp, 1}.
(ii) If instead

I(g) = gpL(g)ψ(logb g),
where L ∈ RV0 and ψ is positive, continuous, and h-periodic, then every subsequence satisfying logb gn mod
h → s has the phase-indexed limit

CBn [I](gnx)
Bn

−→ Φ
(
xpψ(s+ logb x)

ψ(s)

)
.

Proof. Uniform convergence for regular variation gives I(gnx)/I(gn) → xp locally uniformly. Combine it with
I(gn)/Bn → 1 and continuity of Φ. In the finite-phase branch, slow variation cancels while the periodic factor
retains the limiting hierarchy phase.

Corollary 13.3 (Crossover slope). In the regularly varying branch of Theorem 13.2, additionally suppose

gI ′(g)
I(g) → p

and Φ ∈ C1 near xp. Then the local logarithmic slope at gnx converges to

pEΦ(xp), EΦ(z) = zΦ′(z)
Φ(z) .

For the hard cap, the statement holds away from x = 1, with one-sided slopes at the kink.

Theorem 13.4 (Partial converse from phase-rich cap collapse). Fix p > 0 and let Bn > 0. Let I be positive and
eventually nondecreasing, let gn ↑ ∞ satisfy gn+1/gn → 1, and suppose I(gn)/Bn → 1. Let J be an open multiplier
interval containing 1. Assume Φ restricts to a homeomorphism on an interval containing {xp : x ∈ J} and all
sufficiently late normalized arguments. If

CBn
[I](gnx)
Bn

−→ Φ(xp)

locally uniformly for x ∈ J , then I ∈ RVp.

Proof. Continuity of Φ−1 gives
I(gnx)
Bn

→ xp,
I(gnx)
I(gn) → xp

locally uniformly on J . For arbitrary t → ∞, bracket t between adjacent gn, gn+1. Eventual monotonicity, the
dense-anchor condition, and slightly smaller and larger multipliers in J squeeze I(tx)/I(t) to xp for x ∈ J . Finite
products and reciprocals of an open interval containing 1 cover (0,∞), so the dilation limit holds for every positive
multiplier.
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The cap shape is a declared model component represented by Φ. A purely dyadic grid samples a period-one
function of log2 g at one phase and cannot meet the dense-anchor premise of the converse. The two-sided converse
also excludes the hard cap because it is noninjective after saturation; a one-sided version can use an unsaturated
interval. Terminal budgets and pinned boundary conditions are coordinates of the resource contract ρ, not
measurement noise.

14 Finite-scale observability and failure taxonomy
At one level, let per-module traffic be a positive random variable T . Jensen’s inequality gives

logE[T ] − E[log T ] ≥ 0.

Thus the logarithm of the level mean and the mean of per-module logarithms are different estimators even before
fitting across scales. For CV(T ) ≪ 1 and the usual moment regularity,

logE[T ] − E[log T ] = 1
2 CV(T )2 + o

(
CV(T )2) .

Heavy-tailed module traffic can make the discrepancy large.
Repeated composition can also contract variation around an expected profile. Fix levels g1, . . . , gJ and write

Yj =
N∑

r=1
Zrj > 0,

where the contributor vectors Zr are independent, although coordinates within one vector may be arbitrarily
dependent across levels. Suppose Zrj lies in an interval of width ∆rj . For xj = log gj , let aj be the OLS slope
weights, so that

p̂ =
J∑

j=1
aj log Yj .

Theorem 14.1 (Concentration of a fitted slope). Let

µj = E[Yj ] ≥ µmin > 0, V = max
j

N∑
r=1

∆2
rj ,

and define

p⋆ =
J∑

j=1
aj logµj .

For 0 < δ < 1, set

t =
√
V

2 log 2J
δ
.

If t ≤ µmin/2, then with probability at least 1 − δ,

|p̂− p⋆| ≤ 2∥a∥1

µmin

√
V

2 log 2J
δ
.

Proof. Hoeffding’s inequality and a union bound control every |Yj − µj | by t. On that event Yj ≥ µmin/2, and the
mean-value theorem gives

| log Yj − logµj | ≤ 2
µmin

|Yj − µj |.

Apply the triangle inequality to the linear slope functional.

For comparable contributors averaged with weights 1/m, the width proxy is V = O(1/m). For unequal
normalized contribution weights αi, the corresponding effective count is

meff = 1∑
i α

2
i

.

Repeated IP, common clocks, and shared coherence protocols can make meff far smaller than the raw block count.
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(a) Width scaling. (b) Band center and interval.

Figure 5: Under the bounded-independent composition model, a persistent expected center coexists with a shrinking
distribution of fitted slopes.

Dynamical hypothesis Profile consequence Observable diagnostic Failure meaning

Autonomous mixing
cocycle

gpL(g) Mode direction and adjacent
slope converge

Rejects this certificate, not all
scaling mechanisms

Summable autonomous
distortion

Cgp(1 + o(1)) Reduced amplitude converges Rejects summable correction

h-periodic mixing cocycle gpL(g)ψ(logb g) Phase slopes converge to an
h-cycle

Rejects the finite-period certifi-
cate

Regular interior plus
declared cap

BΦ((g/g∗)p) Normalized crossover collapse Rejects the registered cap model

Finite-phase interior plus
cap

Phase-indexed cap curves Collapse depends on log phase One-phase samples cannot cer-
tify membership

No convergent or periodic
gain law

No class asserted Adjacent ratios neither converge
nor cycle

Outside this sufficient taxonomy

Table 4: Mechanism, consequence, and falsifier are separated. Observing a consequence does not prove latent basin
membership.

Theorem 14.2 (Stable empirical generalized law). Let the expected profile be µ(g) = gpℓ(g) with ℓ slowly varying,
and measure on a fixed multiplicative window gj(t) = tλj . Suppose the independent bounded-composition conditions
of Theorem 14.1 hold and its stochastic bound is O(m−1/2

eff ). Then

p̂(t,meff) = p+ bℓ(t) +OP(m−1/2
eff ),

where
bℓ(t) =

∑
j

aj log ℓ(tλj)
ℓ(t) → 0.

Consequently, p̂ → p in probability when the window moves outward and meff → ∞.

Proof. The expected-profile slope is p+bℓ(t) by Theorem 10.1; the stochastic deviation follows from Theorem 14.1.

This is a conditional mechanism for an empirical band: slow variation controls its finite-window bias, mode
crossover controls curvature, and effective independent composition controls width. It does not identify the
mechanism behind a historical fitted band or make its center universal.

Trees, lattices, expanders, butterflies, and heterogeneous systems calibrate different rows of this taxonomy:
bounded tree profiles can have index 0; d-dimensional lattices have surface-growth index (d − 1)/d; expanders
have linear boundary growth; butterfly networks carry an index-one 1/ log g correction; and heterogeneous systems
combine several modes with an explicit interface profile. These examples calibrate distinct scaling classes; assigning a
computation to a class requires the corresponding structural hypotheses. At all realizable sizes, the measured profile,
hierarchy convention, correction term, and estimator remain primary; an asymptotic index can be operationally
remote.

43 / 87



Fitih M. Cinnor A Communication Theory of Computation Realization

14.1 Deterministic mechanism checks
The phase-rich deterministic check uses the declared scalar observation vector u = (1, 1)⊤ and

A(0) =
(

2 1
1 1

)
, A(1) =

(
1 2
1 3

)
.

For M = A(1)A(0), spr(M) = 4 +
√

15 and

p = log(4 +
√

15)
2 log 2 ≈ 1.488455.

The reference script artifacts/renormalization_validation_v1.py evaluates every level k = 0, . . . , 64 for
four positive initial mixtures. The recorded phase gains are c0 = 2.4364916731 and c1 = 3.2312785769, while
2p = 2.8058837015 differs from both. Across late samples, the maximum Hilbert distance to the phase cycle is
4.44 × 10−16, the maximum adjacent-ratio error is 8.88 × 10−16, and the relative tail span of the phase-reduced
amplitude is 8.61 × 10−15. The product c0c1 agrees with 4 +

√
15 to recorded precision.

The same program registers quasiperiodic, nonnegligibly forced, nonmixing, and bounded-no-exponent controls
under artifacts/renormalization_results_v1/. These computations verify the bookkeeping and observables.
The proofs establish the theorem statements, while physical-netlist basin membership is determined by the registered
structural hypotheses and diagnostics.

15 Public-netlist diagnostics and mode-resolved attribution
The scaling theory distinguishes three questions: the output law of a profile, a mechanism that can generate that
law, and a measurement instrument that observes a finite realization. This section addresses the third. Two
deterministic hierarchy instruments instantiate reproducible, hierarchy-conditioned scale profiles and test finite-scale
identities, estimator dependence, and cross-hierarchy transfer.

The diagnostics use ten named BLIF snapshots from the public EPFL combinational benchmark suite [49],
ranging from 374 to 57,503 vertices. Every reported value belongs to a complete measurement tuple

(netlist,parser,hierarchy, traffic convention, scale window, estimator).

This tuple is the empirical object. It permits reproducible comparison of hierarchy and estimator effects while
keeping the logical netlist fixed.

Two deterministic hierarchy instruments are used. The first computes one reverse-Cuthill–McKee (RCM)
ordering and divides it into contiguous, size-regular, power-of-two module counts. It is run on all ten files. This
instrument is geography-like but is not cut optimized. The second is a recursive RCM hierarchy: each module above
a declared threshold is reordered locally before bisection, while inherited order is preserved below the threshold. It
is run on the barrel shifter and multiplier. Bidirectional cross-hierarchy transfer is evaluated only on the multiplier.
The paired runs vary hierarchy construction while holding parser and traffic accounting fixed.

15.1 Registered measurement and reproduction protocol
The measurement contract is registered at the following resolution.
(a) Dataset identity. The exact inputs are adder.blif, arbiter.blif, bar.blif, div.blif, i2c.blif, log2.

blif, multiplier.blif, router.blif, sqrt.blif, and square.blif under artifacts/source_netlists/.
File hashes are recorded in the root SHA-256 manifest. Circuit names denote these snapshots, not every
version of the corresponding design.

(b) Representation. The BLIF parser creates explicit primary-input, gate-output, and primary-output vertices
and one hyperedge for every signal incident on at least two distinct vertices. The implementation constructs a
weighted sparse graph projection, sums duplicate CSR entries, and sorts each CSR row by column index before
RCM. The same canonicalization is applied to every recursively induced subgraph. This fixes neighbor-visitation
order, including degree ties, in the supported software environment.

(c) Hierarchy. Fixed RCM forms one ordering and splits it into 1, 2, 4, . . . nearly equal contiguous blocks until
every block has at most eight vertices. Recursive RCM bisects each current module, recomputing its local
RCM order above 1,024 vertices and preserving inherited order below that threshold, again stopping at eight
vertices.
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(a) Autonomous projective forgetting.

(b) Periodic Perron–Floquet cycle.

Figure 6: Deterministic checks of autonomous projective forgetting and finite-period phase retention.
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(a) Registered cap responses.

(b) Required negative controls.

Figure 7: Deterministic checks of boundary-cap collapse and registered failure modes.
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Circuit Vertices Fixed-hierarchy p̂ Scatter p̂

router 374 0.095 0.294
adder 1,405 0.000 -0.029
i2c 1,646 0.807 0.820
barrel shifter 3,599 0.756 0.805
arbiter 12,224 0.976 0.978
square 18,678 0.843 0.818
square root 24,810 0.941 0.936
multiplier 27,318 0.909 0.910
logarithm 32,124 0.864 0.850
divider 57,503 0.947 0.949

Table 5: Diagnostics under the deterministic fixed hierarchy. Values are conditioned on the registered estimator and
hierarchy; they are not intrinsic Rent exponents.

(d) Traffic and scale window. A non-I/O hyperedge contributes once to every module it touches whenever it
crosses a module boundary. The fanout classes are 2, 3–8, 9–32, and above 32 pins. Unweighted ordinary least
squares fits logR against log g only on levels with positive internal traffic and

16 ≤ g ≤ G/4.

The level-mean estimator uses log(meanT ); the scatter estimator uses mean(log max{T, 1}).
(e) Mode attribution. A mode law is fitted only when that mode is positive on at least three retained levels.

Profile relative RMSE is  1
m

∑
i

(
R̂i −Ri

Ri

)2
1/2

.

Slope and curvature RMSEs are ordinary root-mean-square differences after second-order finite differences on
the log-scale grid.

(f) Cross-hierarchy transfer. The four source-hierarchy mode laws are frozen. One total-amplitude anchor is
permitted at the largest common target scale; every other target level is a prediction. Thus transfer cannot
refit mode exponents or introduce level-specific corrections.

(g) Determinism and records. The RCM paths invoke no random generator, so there is no empirical
seed parameter. With sparse-ordering canonicalization, two independent reruns produced byte-identical
CSV, JSON, and PNG outputs. Generated PDFs differ only in creation metadata and are compared by
rendered content rather than raw bytes. Environment versions are pinned in artifacts/requirements.txt.
Executable methods are in artifacts/epfl_spectrum_analysis.py, artifacts/epfl_crg_validation.py,
and artifacts/cross_hierarchy_mode_test.py; level tables, summaries, and transfer records are under
artifacts/epfl_results_v2/ and artifacts/results_epfl_v3/.

15.2 Hierarchy- and estimator-conditioned scalar fits
The ten fitted values span nearly the whole interval from zero to one under a single registered procedure. This
dispersion is descriptive of the retained snapshots and scale windows. It is not a population estimate for circuits in
general. The level-mean and scatter estimators differ most strongly on the router, where their fitted slopes are
0.095 and 0.294, respectively, consistent with the finite-level Jensen gap in Section 14.

Hierarchy choice is also material. For the multiplier, the fixed ordering gives p̂ ≈ 0.909, whereas recursive local
RCM gives p̂ ≈ 0.831.

Versioned diagnostic note. An earlier measurement contract reported the multiplier pair 0.901 → 0.839. The
values 0.909 → 0.831 used here are from the controlling registered protocol, which additionally fixes sparse-row
canonicalization, hierarchy thresholds and stopping rules, and the fit window 16 ≤ g ≤ G/4. The retained records
do not isolate the numerical change to one pipeline modification. The two pairs therefore remain outputs of different
versioned measurement contracts; neither is interpreted as an intrinsic hierarchy-independent exponent.
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Figure 8: The multiplier scalar fit changes under two deterministic hierarchy instruments even though parser and traffic
accounting remain fixed.

15.3 Exact mode identity, finite-scale failure, and transfer
At each retained level, internal incidence is decomposed into the four fanout classes. The arithmetic identity

R(g) =
4∑

j=1
Rj(g)

holds with zero numerical residual under both multiplier hierarchies. Two scientifically different tests follow.
First, fit one pure law ajg

pj to each measured fanout mode. Under the fixed hierarchy the fitted mode exponents
are approximately

(0.931, 0.902, 0.508, 0.231),

whereas recursive local RCM gives
(0.891, 0.754, 0.696, 0.192).

The sum of these global mode fits does not closely reproduce the whole finite-scale curve. Profile relative RMSE is
0.135 under fixed RCM and 0.0478 under recursive RCM. The variance-only pure-mode approximation has slope
RMSEs 0.265 and 0.0555, respectively. Hence the real fanout modes are themselves scale dependent; the pure-power
specialization of Theorem 12.1 is falsified as a complete finite-scale model.

Second, retain the measured local slopes

ploc
j (g) = d logRj(g)

d log g

and their drift. With
ωj(g) = Rj(g)∑

k Rk(g) ,

the exact identities are
ploc(g) =

∑
j

ωj(g)ploc
j (g),

dploc

d log g = Varω(g)(ploc
j ) +

∑
j

ωj(g)
dploc

j

d log g .

Using modes measured under the same hierarchy reconstructs the multiplier slope with RMSE 0.00935 under
fixed RCM and 0.00318 under recursive RCM; curvature RMSEs are 0.0497 and 0.00876, respectively. This
validates the traffic decomposition and numerical implementation of the algebraic identity. Because R =

∑
j Rj ,

the reconstruction is exact; its scientific role is to separate exponent dispersion from within-mode drift.

48 / 87



Fitih M. Cinnor A Communication Theory of Computation Realization

102

103

104

m
ea

n 
te

rm
in

al
s

measured internal total
sum of fitted mode laws

0.2

0.4

0.6

0.8

1.0

p l
oc

measured local slope
predicted from fitted mode exponents
measured-mode identity

102 103

nominal module size g

0.6

0.4

0.2

0.0

dp
lo

c/d
lo

gg

measured curvature
variance of fitted mode exponents
variance + measured mode drift

EPFL multiplier: closed-loop mode attribution (RCM-fixed)

(a) Fixed RCM.
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(b) Recursive local RCM.

Figure 9: The global pure-mode approximation is incomplete. The measured-mode identity, including within-mode drift,
tracks slope and curvature under each hierarchy.

The cross-hierarchy transfer test is independently falsifiable. Fixed-RCM mode laws transferred to recursive
RCM have profile relative RMSE 0.175 and local-slope RMSE 0.0864. In the reverse direction the errors are 0.194
and 0.261. Fanout classes remain identifiable, but their effective scale laws are hierarchy conditioned. A hierarchy
is therefore an active part of the measurement rather than a passive coordinate change.

Internal and pad-inclusive profiles also separate at the largest scales, consistent with a terminal-boundary
crossover. This observation does not identify a unique cap response Φ; it only shows that terminal convention must
be reported with the hierarchy, fanout accounting, and estimator.

15.4 Interpretation of the diagnostic
The registered experiment establishes four empirical facts. First, the measurement is deterministic and reproducible
in the pinned environment. Second, level-mean and scatter estimators can assign materially different slopes to the
same hierarchy. Third, changing the hierarchy construction can change both the scalar fit and the mode laws while
leaving parser and traffic accounting unchanged. Fourth, the exact mode-mixture identity closes numerically when
its modes and local slopes are measured under the same hierarchy.

These facts locate the diagnostic inside CRG. The BLIF snapshots are logical realizations, so their measured
objects are topology- and hierarchy-level profiles. Fixed and recursive RCM are two admissible topology instruments;
their separation is a direct measure of hierarchy sensitivity. The profiles belong to one realization and hierarchy at
a time, and fixed-hierarchy additivity applies to mode incidence inside that realization.

The pure-mode fit and measured-mode reconstruction answer different questions. Failure of the pure-mode
transfer demonstrates that one global power per fanout class does not describe the complete finite-scale profile.
Closure of the measured-mode identity verifies the arithmetic decomposition and separates between-mode exponent
dispersion from within-mode drift. The dyadic scale grid samples one logarithmic phase; shifted and nondyadic
hierarchies supply the additional phase information needed to resolve a periodic factor. The largest scales are
terminal affected, so finite-scale mode shares, drift, boundary response, and transfer error are the primary empirical
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outputs.
The physical-design stage enters later in the CRG chain. Placement, routing, buffering, timing, activity, power,

area, and calibrated fabric service map these logical realization profiles into technology-conditioned witnesses. The
present diagnostic supplies the hierarchy-conditioned logical input to that stage.
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Part III

Technology-conditioned realization and certified
design
16 From attainable geometry to physical decisions
The preceding parts construct the legal realization family and its decision-sufficient geometries before physical
technology is applied. This part completes the computation-to-technology chain. A technology supplies capabilities,
admissible embeddings, service laws, and costs; the design problem is to determine which legal realization and
embedding minimize the declared physical objective while preserving every alternative required by the future
decision class.

CRG and existing design tools occupy complementary mathematical roles. Timeloop/Accelergy, MAESTRO,
ZigZag, CoSA, Gemini, and physical implementation flows generate, evaluate, and refine constructive witnesses
[37, 43, 38, 39, 40, 41]. CRG supplies the computation-conditioned realization bundle, typed joint obligations,
scope-matched converses, and exact retention conditions under which those witness sets may be reduced. The
combined flow is closed-loop: search and physical tools return realizations to the geometry, and the geometry
determines which further searches and physical measurements can change the decision.

Fix a terminalized computation F , a resource contract ρ, and an admissible hierarchy T . Let Rρ
F (T ) be the

legal-realization space and σT (P ) = z = (u, µ) its typed signature, where u records local obligations and µ records
interface state, traffic, causal, and activity coordinates. Different realizations can share one signature, so a detailed
physical objective need not factor through z.

Definition 16.1 (Technology-conditioned physical objective). For technology τ , let Embτ (P, T ) be the legal
embeddings of realization P . Define

OPTρ
τ (F ) = inf

T ∈Decρ(F ), P ∈Rρ
F

(T ),

ϕ∈Embτ (P,T )

Φτ (P, ϕ).

When the objective observes only the typed signature and embedding, write Φτ (P, ϕ) = Φ̂τ,T (σT (P ), ϕ). Timing,
routing, clocking, switching, thermal, and reliability objectives may distinguish realizations in the same signature
fiber.

Definition 16.2 (Price update and capability update). Fix a computation F , a resource contract ρ, and a technology
τ = (Embτ ,Φτ ). A price update replaces Φτ by another objective Φτ ′ while preserving the legal realization family
and the embedding relation:

Pρ
F (T ) unchanged, Embτ ′(P, T ) = Embτ (P, T ).

A capability update changes an allowed primitive, hierarchy, storage mode, schedule, carrier, or embedding relation
and therefore may replace ρ by ρ′ or Embτ by a different admissibility relation.

Proposition 16.3 (Repricing and branch reopening). Under a price update, the pre-technology CRG objects
P,R,Γ, and K are unchanged; the updated decision is obtained by re-evaluating the new objective on the retained
object sufficient for its observation class. Under a capability update, the legal realization or embedding family may
change. A retention certificate transfers to the updated problem exactly when the updated legal family contributes
no additional decision-relevant point and the new objective remains inside the observation class preserved by the
retained family.

Proof. A price update changes neither legality nor attainable signatures, so the abstraction ladder is identical and
only the response functional changes. A capability update can add or remove realizations or embeddings, hence
can change the exact image and every downstream quotient. If the updated family adds no point that improves
a decision in the preserved class, the relevant quotient remains equal and the Safe-Commitment Law transfers.
Conversely, if the updated quotient differs, its reconstruction theorem supplies a future monotone objective or
nonnegative price that distinguishes the old and new families; the affected branch must be reopened.
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Across hierarchies, signature dimensions and legality rules differ. The global design space is therefore the
stratified disjoint union

Dρ
F =

⊔
T ∈Decρ(F )

{T } × Rρ
F (T ),

not one global convex body. Convex support arguments apply within a fixed hierarchy and observation class;
cross-hierarchy selection retains the stratum label and its physical embedding constraints.

16.1 Pareto sufficiency and price-conditioned regimes
Proposition 16.4 (Signature dominance). Fix a hierarchy and an objective that factors through the signature and
is coordinatewise nondecreasing. If z1 ≤ z2, then z2 cannot have lower cost than z1. Hence only the Pareto-minimal
signature boundary can be preferred by that observation class.

Proof. Monotonicity gives Φ̂τ,T (z1, ϕ) ≤ Φ̂τ,T (z2, ϕ) whenever both signatures are evaluated under the same
admissible embedding conditions. The claim does not compare realization fibers when the objective observes more
than z.

For a fixed hierarchy and a nonnegative additive price vector w, a point z of the convex upper body Kρ
F (T ) is

optimal exactly when w lies in its lower normal cone

N−
K (z) = {w ≥ 0 : ⟨w, y − z⟩ ≥ 0 for all y ∈ K}.

Changing prices changes the exposed face without changing the computation. Integer allocations, feasibility walls,
and maxima of compute, memory, fabric, and bridge time require a more general finite phase object.

Definition 16.5 (Finite semialgebraic architecture registry). Let Θ ⊆ Rp be a semialgebraic technology domain. A
finite registry consists of architecture classes a ∈ A and finite witness sets Wa. A witness ω ∈ Wa records every
discrete realization, allocation, layout, and schedule choice. Its feasibility is described by finitely many polynomial
or rational inequalities whose denominators have fixed sign on Θ; its cost is assembled from rational functions by
finitely many min and max operations. Infeasible witnesses have cost +∞. Put

Ca(θ) = min
ω∈Wa

Caω(θ), A(θ) =
{
a : Ca(θ) = min

b
Cb(θ) < +∞

}
.

If every registered class is infeasible, A(θ) = ∅.

Theorem 16.6 (Finite technology-phase stratification). Every registry satisfying Theorem 16.5 admits a finite
partition of Θ into connected, relatively open semialgebraic sign cells, with relative openness taken in each cell’s
supporting stratum. On every cell the following complete set-valued labels are constant:

(i) feasible classes and witnesses;
(ii) every active rational branch and bottleneck set, including ties;

(iii) the optimal witness set within every class; and
(iv) the globally winning architecture set A(θ).

Every label change lies on a feasibility wall, branch or bottleneck exchange, witness exchange, architecture tie, or
boundary of Θ.

Proof. Clear denominators on regions where their signs are fixed. Collect the finite family of feasibility polynomials,
branch-comparison polynomials, within-class and cross-class cost differences, and defining polynomials of Θ. A
sign-invariant semialgebraic cell decomposition exists for this finite family [46]; refine each stratum into connected
cells. Every comparison then has one constant sign in −, 0,+. Retaining the zero sign preserves complete tied
branch, bottleneck, witness, and architecture sets instead of inserting a hidden tie-break. The listed labels are
consequently constant, and they can change only when a defining sign or domain stratum changes.

Corollary 16.7 (Certified full-label phase radius). Let P contain every cleared feasibility polynomial, branch
difference, within-class witness difference, and cross-class difference used in Theorem 16.6. Suppose θ0 ∈ Θ, every
p ∈ P is nonzero at θ0, and p is Lp-Lipschitz on B(θ0, r0) ∩ Θ. Then the complete phase label is unchanged
throughout B(θ0, r) ∩ Θ whenever

r < min
{
r0, min

p∈P:Lp>0

|p(θ0)|
Lp

}
,

where the inner minimum is +∞ if every Lp = 0.
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Proof. For |θ − θ0|2 < |p(θ0)|/Lp, the Lipschitz inequality prevents p from reaching zero, so every defining sign
is preserved. Intersecting with Θ also covers a point on the admissible-domain boundary. The radius controls
losing-class witness exchanges and presently infeasible witnesses as well as the global winner.

A one-axis distance to a tie wall is therefore only a directional diagnostic; it is not the full-label radius unless
every defining sign and the geometry of Θ have been included.

Computational complexity of exact phase and retention objects. The finite semialgebraic partition is
an existence result, not a polynomial-time guarantee: general real quantifier elimination and cylindrical algebraic
decomposition can be doubly exponential in the number of variables [114]. Likewise, finding a minimum-cardinality
retained family that intersects every declared argmin set is a set-cover problem and is NP-hard in general
[113]. Practical systems therefore use restricted parameterizations, incremental ledgers, certified bounds, and
approximation algorithms while preserving certificate scope.

16.2 Certified inner and outer descriptions
Definition 16.8 (Certified outer relaxation). For each hierarchy let

Admτ (T ) ⊆ {(P, ϕ) : P ∈ Rρ
F (T ), ϕ ∈ Embτ (P, T )}

be the exact admissible pairs. A lower-bounding relaxation consists of a superset

Admout
τ (T ) ⊇ {(σT (P ), ϕ) : (P, ϕ) ∈ Admτ (T )}

and an optimistic objective satisfying
Φout

τ,T (σT (P ), ϕ) ≤ Φτ (P, ϕ)
for every exact admissible pair.

Theorem 16.9 (Certified sandwich and safe pruning). Let I∈ be a finite set of actual legal realization–embedding
pairs. Then

LBτ ≤ OPTρ
τ (F ) ≤ UBτ ,

where
LBτ = inf

T
inf

(z,ϕ)∈Admout
τ (T )

Φout
τ,T (z, ϕ), UBτ = min

(P,ϕ)∈Iin
Φτ (P, ϕ).

A candidate class may be discarded whenever its scope-matched certified lower bound is strictly larger than the
constructive incumbent.

Proof. Every exact admissible pair maps into the relaxed set with no larger relaxed cost, so the relaxed infimum is
a lower bound. Every member of I∈ is an exact feasible design, so its best evaluated cost is an upper bound. A
class whose lower bound exceeds that incumbent cannot contain an in-scope optimizer.

The scope check is part of the proof obligation. Computation, candidate class, objective and units, hierarchy,
resource contract, technology contract, assumptions, and validity domain must match the decision being made.
Any dependency change invalidates the affected certificate and reopens the corresponding branch. The retained
object is the bracket and its dependency ledger, not merely the lowest evaluated point.

16.3 Lossless retention for a technology domain
Theorem 16.10 (Argmin-hitting retention). Let P be a finite registered realization set and let Θ be any technology
domain on which every technology has a finite attained optimum. Define

Mθ = argmin
P ∈P

Cθ(P ).

A retained family A ⊆ P preserves the optimum at every technology in Θ if and only if

A ∩ Mθ ̸= ∅ for every θ ∈ Θ.

A singleton is lossless exactly when
⋂

θ∈Θ Mθ ̸= ∅.
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Proof. At one technology, the retained and full minima agree exactly when a retained realization attains the full
minimum. Quantifying this equivalence over Θ proves both statements.

This is the exact statistic for a named technology domain. It is weaker than universal preservation for all
continuous monotone objectives, which requires preserving the complete upper obligation region, and weaker than
preservation for every additive nonnegative price, which requires preserving its convex upper body.

17 Architecture–technology scale and link matching
17.1 Scale-dependent communication strain
Let R(g) > 0 be the demand profile of one fixed realization and hierarchy, and let Bτ (g) > 0 be the corresponding
boundary-capacity profile of a technology. Their quotient

χτ (g) = R(g)
Bτ (g)

measures scale-dependent strain.

Theorem 17.1 (Scaling strain). If R ∈ RVp and Bτ ∈ RVq, then

χτ ∈ RVp−q .

Thus demand below the capacity index relaxes asymptotically, demand above it becomes increasingly mismatched,
and equal indices are marginal, with constants and slowly varying factors deciding feasibility.

Proof. Write R(g) = gpℓR(g) and Bτ (g) = gqℓB(g). Then χτ (g) = gp−qℓR(g)/ℓB(g), and the quotient of positive
slowly varying functions is slowly varying.

Corollary 17.2 (Homogeneous dimensional threshold). In an ideal homogeneous d-dimensional substrate with
boundary capacity Bd(g) = Θ(g(d−1)/d), a demand profile of index p has strain index

p− d− 1
d

.

The marginal indices are 1/2 in two dimensions and 2/3 in three.

This is a scoped capacity statement, not an automatic routability theorem. Channel conflicts, pinning, timing,
power delivery, design rules, and thermal constraints remain in Admτ . A fixed number of tiers changes only a
constant; a tier count growing with problem size changes the model and must be registered explicitly.

17.2 Aligned links and chiplet interfaces
For one hierarchy-aligned realization, let te be required traffic per operation, be be payload per link transaction or
cycle, and ϵe be link energy per bit.

Theorem 17.3 (Aligned-link feasibility and serialization). In the independent fluid-link model, a one-shot embedding
is feasible exactly when te ≤ be for every interface. The minimum uniform fluid and integral serialization factors
are

s∗(t, b) = max
e

te
be

, s∗
int(t, b) = max

e

⌈
te
be

⌉
,

and the declared linear link energy is E(t) =
∑

e ϵete.

Proof. Each inequality is necessary by link capacity. It is jointly sufficient because the model declares independent
links and no additional causal dependency. Uniform serialization requires te ≤ sbe on every edge, which gives the
maximum ratio and its integral ceiling. Energy adds by the declared per-bit accounting rule.

Now let one physical link unit provide payload rate Be, be bits per cycle, energy ϵe per bit, and shoreline area
ae. Let fop be the required operation rate and ne the number of parallel link units.
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Figure 10: Normalized strain has log–log slope (p-q) in the declared model.

Theorem 17.4 (Chiplet link-budget law). Every embedding of the selected realization satisfies

ne ≥
⌈
fopte
Be

⌉
, Ee,op ≥ ϵete , Pe ≥ fopϵete ,

AIO ≥
∑

e

aene , Le,ser ≥
⌈
te
nebe

⌉
.

Any reach or shoreline limit with ne > nmax
e certifies that the selected partition is infeasible under the declared

package model.

Proof. The aggregate payload demand is fopte, which gives the link-count bound. Per-bit accounting gives energy
and power; link areas add. Parallel units carry at most nebe bits per cycle, yielding the serialization bound before
propagation, protocol, buffering, and synchronization overhead.

The technology supplies Be, be, ϵe, ae, reach, and protocol overheads; it does not change te unless the legal
realization changes. UCIe rate and package classes, for example, alter the embedding coordinates without erasing a
semantic bridge [10].

18 Reference intermediate representation and compiler boundary
The calculus suggests a cross-layer loop with five roles:
1. a semantic front end registers the computation and legal changes to dataflow, tiling, storage, replication,

approximation, ownership, and terminal meaning;
2. a realization generator emits constructive legal classes and preserves realization identity separately from typed

obligation signatures;
3. a certificate engine combines semantic lower bounds, scoped outer relaxations, and constructive witnesses;
4. a technology library distinguishes price changes from capability changes that alter the resource contract or the

legal realization family; and
5. physical tools return routed or otherwise evaluated constructions as new inner witnesses and can trigger targeted

challengers when a bottleneck becomes active.
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A reference implementation now exercises this boundary on a real PyTorch FX symbolic trace of a Transformer
microblock. The prototype emits a computation contract, a resource contract, legal transformation classes, six
constructive realization classes, typed obligations, three scoped outer bounds, and nine technology/objective decision
certificates. It operationalizes the left half of the CRG abstraction ladder and the dependency record needed
for safe repricing and reopening. It does not automatically enumerate every legal realization, generate general
converses, ingest arbitrary compiler dialects or RTL, or perform physical signoff; those remain separate research
and engineering problems.

OpenROAD demonstrates autonomous RTL-to-GDS exploration, and its ArtNet flow accepts hierarchical
structure and scalar Rent parameters [42, 47, 48]. A production CRG adapter would exchange typed realization
records, interface-separation distributions, certified inner/outer regions, decision margins, and dependency hashes
instead of one scalar exponent. The operational rule is: analyze once and reprice many times only while legality,
feasibility, and certificate scope remain unchanged. A capability change reopens affected branches and requires
reconstruction rather than silent reuse of an obsolete geometry.

19 Analytic component certificates
The design calculus becomes operational when a computation has both a scoped converse and constructive
realizations. Dense matrix multiplication and exact attention provide complementary cases. Matrix multiplication
exposes a memory–traffic–collective frontier; attention exposes a traffic–storage–recomputation frontier. Neither
has a technology-independent scalar winner.

19.1 Dense matrix multiplication across memory levels
Consider classical n × n dense matrix multiplication restricted to the conventional Θ(n3) scalar-product DAG.
For a two-level memory hierarchy with M fast words, established pebble and geometric bounds give Q(M) =
Ω(n3/

√
M + n2), while blocked algorithms attain the same order under the usual cache assumptions [5, 6].

Theorem 19.1 (Multilevel matrix-multiplication bracket). Let M1 < · · · < ML be the cumulative fast-side
capacities exposed by an inclusive multilevel contract, and let qi be words moved across interface i. Inputs begin
beyond each modeled interface and the final output is returned beyond it. There are constants c0, C0 > 0 such that
every legal classical realization satisfies

qi ≥ c0

(
n3

√
Mi

+ n2
)

(1 ≤ i ≤ L),

while one cache-oblivious recursively blocked realization simultaneously satisfies

qi ≤ C0

(
n3

√
Mi

+ n2
)

(1 ≤ i ≤ L)

at every level obeying the declared ideal-cache assumptions [7]. Thus one outer orthant and one jointly realizable
inner point certify the multilevel traffic projection within a constant factor.

Proof. At level i, contract every faster level into the declared cumulative Mi-word fast side and apply the two-level
lower bound to that complete interface. For achievability, the same cache-oblivious recursion induces a legal blocked
schedule at every ideal-cache level simultaneously. The claim therefore does not combine incompatible per-level
optima or count one transfer at several levels without accounting. A noninclusive hierarchy must replace Mi by the
actual capacity available on the contracted fast side.

The same structured computation also yields a scale exponent. For a set S ⊆ [n]3 of g = |S| multiplication
triples, the discrete Loomis–Whitney inequality gives

|S|2 ≤ |πA(S)| |πB(S)| |πC(S)|.

Hence at least one operand/output projection has size Ω(g2/3); cubic blocks attain O(g2/3). The natural classical
blocked realization therefore has the interior demand law

R(g) = Θ(g2/3).

This is a result for the registered structured computation, not for every Boolean circuit computing matrix
multiplication.
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Table 6: Declared public technology-coordinate library. Payload rates are ideal one-direction cluster projections, not
protocol or contention measurements.

Technology row Payload Link energy Status

UCIe-S, 32 GT/s 64 GB/s 0.50 pJ/bit public target anchor
UCIe-A, 32 GT/s 256 GB/s 0.25 pJ/bit public target anchor
UCIe-A, 64 GT/s 512 GB/s 0.25 pJ/bit rate anchor; energy proxy
Local fast state 32 or 96 MiB – public cache-capacity anchors

Table 7: Modeled n = 8192, Kchip = 64 projection with two-byte words. Time uses one ideal UCIe-A32 cluster on the
critical interface.

c Memory/chiplet Traffic/chiplet Stages Transfer time Link energy

1 6.0 MiB 32.00 MiB 8 131.1 µs 2.147 mJ
2 12.0 MiB 22.63 MiB 4 92.7 µs 1.519 mJ
4 24.0 MiB 16.00 MiB 3 65.5 µs 1.074 mJ

19.2 A certified 2.5D technology map
On Kchip processor-chiplets with per-chiplet fast memory M , classical distributed lower bounds include a per-chiplet
communication floor of order Ω(n3/(Kchip

√
M)) under the declared distribution assumptions [8, 6]. The 2.5D

family introduces a replication factor 1 ≤ c ≤ K
1/3
chip and, up to constants and logarithmic latency terms, obeys

M(c) = Θ
(

3cn2

Kchip

)
, Q(c) = Θ

(
n2

√
cK

)
, R(c) = O

(√
Kchip

c3 + log c
)

[9]. The numerical certificate declares the constructive leading model

q(c) = 2n2
√
cK

, m(c) = 3cn2

Kchip
, r(c) =

⌈√
Kchip/c3

⌉
+ ⌈log2 c⌉ .

The constants are model coordinates; the exchange of memory for traffic and collective stages is inherited from the
cited algorithms and converses.

For Kchip = 64, two-byte words, and c ∈ {1, 2, 4}, feasibility under local memory budget Mmax is exactly

3cn2

Kchip
(2 bytes) ≤ Mmax.

Both (qc) and (rc) decrease with c, so the largest feasible replication factor is Pareto dominant for every monotone
traffic–round objective in this declared family.

The UCIe rows use public rate classes and the declared energy proxies [10, 11]; the local-state anchors follow
public processor documentation [12]. Together they define a public-anchor technology library rather than the
specification of one shipping package.

The resulting memory-conditioned selection is

32 MiB/chiplet c∗

n ≤ 9459 4
9459 < n ≤ 13377 2
13377 < n ≤ 18918 1

n > 18918 infeasible in the declared local-memory model.

With 96 MiB per chiplet, the c = 4 region extends to n = 16384. The public link rows quantify the value of a
selected realization but do not change the largest-feasible-c ordering in this idealized family.

Collective capability can reverse a different pair of realizations. At Kchip = 64, a one-dimensional replicated-B
point with effective collective stage count r has typed signature

z1D(r) = (63, r, 1.03125),
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Figure 11: The 2.5D realization family is retained until memory and link technology are declared.

while the declared two-dimensional SUMMA point is z2D = (14, 8, 0.046875) [13, 14]. Under price C = wQq+wRr+
wMm, the one-dimensional realization can win only for r < 8, and then exactly when

wR >
49wQ + 0.984375wM

8 − r
.

The reversal is attached to an explicit collective capability rather than an unstated communication primitive.

19.3 Exact attention: recomputation versus storage
Let Q,K, V ∈ RN×d and consider exact attention O = softmax(QKT )V with fast memory M scalar elements. The
conventional realization materializes N ×N score and probability matrices; the tiled realization retains rowwise
normalization state and recomputes blocks when required.

Theorem 19.2 (Imported exact-attention I/O bracket). For d ≤ M ≤ Nd, standard exact attention has

Qstd = Θ(Nd+N2), Sstd = Θ(N2),

whereas FlashAttention achieves

Qflash = Θ
(
N2d2

M

)
, Sflash = O(N),

while spending additional local work through recomputation. The cited analysis proves I/O optimality over the stated
SRAM range [15].

The theorem supplies incomparable typed points, not one scalar winner. For d = 64 and 128, the asymptotic
crossover M > d2 corresponds to only 8 and 32 KiB for two-byte elements, but implementation constants and
additional work still require an explicit objective.

For the published A100 forward-plus-backward GPT-2-medium measurement, the reported points are

zstd = (Q,F, T ) = (40.3 GB, 66.6 GFLOP, 41.7 ms),

zflash = (4.4 GB, 75.2 GFLOP, 7.3 ms)
[15]. Under typed additive cost C = wQQ+ wFF + wSS, the tiled realization is preferred exactly when

35.9wQ + ∆S wS > 8.6wF , ∆S = Sstd − Sflash > 0.

With zero storage price, the break-even is approximately 0.240 FLOP/byte. Public A100 peak/bandwidth ratios
are approximately 838× larger on the BF16 tensor-peak basis and about 52× larger on the FP32 basis [16]; this
establishes the arithmetic-intensity separation; measured kernel time additionally depends on utilization, scheduling,
and the remaining typed coordinates.
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Figure 12: Traffic, work, and storage jointly determine the attention realization boundary.

19.4 Cross-stage state and layout laws
The end-to-end application joins attention and an MLP. Two general facts prevent isolated stage optima from being
multiplied together without a joint resource check.

Theorem 19.3 (Static provisioning and time-shared state). Let two isolated modes require usable state mA and
mF on a chiplet with budget M .

(i) A static fused realization with dedicated simultaneously instantiated engines is infeasible when mA +mF > M .
(ii) A sequential universal realization that reuses one state pool is state-feasible when max(mA,mF ) ≤ M .

The two statements belong to different realization contracts; time sharing must expose any efficiency cost rather
than treating reconfiguration as free.

Proof. Dedicated state occupies disjoint capacity and adds. State used in disjoint time intervals occupies the
maximum. An embedding cannot transform one resource aggregator into the other without changing the realization.

For layout conversion, let Kchip = CT = C ′T ′ chiplets implement aligned two-dimensional layouts over a
normalized activation tensor. Let Si

Kchip
i=1 and Tj

Kchip
j=1 be the equal-area source and target rectangles. Each tensor

element has one source and one target owner; chiplet relabeling is free and bijective. Compression, recomputation,
replication, coding, cached duplicates, unequal-capacity placement, routed congestion, latency, and energy are
outside this conversion contract.

Theorem 19.4 (Exact aligned-layout assignment). After optimal chiplet relabeling, the exact retained and minimum
moved fractions are

r∗(C,C ′) = max
π∈SKchip

Kchip∑
i=1

|Si ∩ Tπ(i)|, µ∗(C,C ′) = 1 − r∗(C,C ′).

If C | C ′ or C ′ | C, then

r∗(C,C ′) = min(C,C ′)
max(C,C ′) , µ∗(C,C ′) = 1 − min(C,C ′)

max(C,C ′) .

For nonnested factors the closed form need not hold.

Proof. Under a relabeling π, chiplet i retains exactly |Si ∩ Tπ(i)|, so maximizing retention is a maximum-weight
perfect assignment. Retain every selected intersection and move only each target remainder from its unique source
owner; this realizes movement equal to one minus retained measure. Conversely, every element outside the retained
intersections must change owner.
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Figure 13: The Kchip = 12 nonnested example separates the general assignment law from the nested closed form.

For the nested case C ′ = kC, each nonempty intersection has area at most 1/(kK), so total retention is at
most 1/k. The intersection graph is k-regular and bipartite, hence has a perfect matching attaining 1/k. The case
C > C ′ is symmetric.

At Kchip = 12, C = 4, C ′ = 6, the exact retained fraction is 1/2, not 2/3, which shows why nesting is load
bearing. Auto-sharding systems already price resharding; the result here is the exact optimal-relabeling law under
its declared ownership contract [17, 18].

These component certificates now supply the end-to-end case with scoped converses, constructive stage modes,
state aggregators, and an exact ownership conversion law. The remaining question is which joint realization wins
once all resources and package obligations are conserved simultaneously.
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Part IV

End-to-end certificate
20 Certified nonseparable co-design of a long-context Transformer

superblock
The component certificates become decision-relevant only after dataflow, state, chiplet ownership, memory allocation,
execution semantics, and package service are registered jointly. The case study considers one exact residual superblock

Y = X + GQA(X), Z = Y + SwiGLU(Y ), (20.1)

for batch-one prefill. The conditional question is:

Given a declared workload-execution contract, a finite architecture registry, and a technology ledger,
which registered class minimizes the declared steady-state initiation interval?

The answer is exhaustive for the declared finite algebraic model. The model contains the registered architec-
ture classes, execution policies, resource aggregators, ownership obligations, integer allocations, and technology
coordinates needed to derive the class decision and its phase structure.

20.1 Workload and execution contract
The primary instance uses hidden dimension d = 4096, feed-forward width dff = 14336, h = 32 query heads, hKV = 8
key/value heads, two-byte BF16/FP16 elements, and contexts through N = 131,072 [57, 58]. A multiply-add counts
as two FLOPs. If Mexec(N) is the number of query–key pairs actually executed, the registered tensor-matmul work
is

FA(N) =
(

4 + 4hKV

h

)
Nd2 + 4dMexec(N), (20.2)

FF (N) = 6Nddff . (20.3)

The projection coefficient is five for the declared GQA ratio, not the MHA coefficient eight.
The three executable pair policies are

Mexec(N) =


N2, dense-padded causal execution,
N(N + 1)/2, ideal causal-pair execution,
B2m(m+ 1)/2, m = ⌈N/B⌉ , block-rounded causal execution.

(20.4)

The named default uses B = 128 and executes complete square tiles on and below the block-causal diagonal,
including final-tile padding.

At N = 16,384, the semantic causal count is 134,225,920, the executed block-rounded count is 135,266,304,
attention tensor work is 3.590593 TFLOP, and MLP tensor work is 5.772436 TFLOP. The equality FA = FF at
N = 4d holds for these dimensions under dense-padded execution; it is not invariant to execution policy.

Softmax, RoPE, RMSNorm, residual additions, SwiGLU elementwise work, launch and control, synchronization,
ECC, and unmodeled utilization losses are typed exclusions. They are not silently absorbed into Equations (20.2)
and (20.3). Every timing claim is therefore scoped to the named tensor-work model.

One hidden-state tensor occupies

A(N) = Ndbelem, belem = 2 bytes.

If attention and MLP have disjoint single-owner regions, steady-state alternation moves one state to the MLP and
one back to the next attention stage:

QB(N) ≥ 2Ndbelem. (20.5)

At N = 16,384, A = 128 MiB and QB = 256 MiB. Placement can price this obligation but cannot erase it while
disjoint ownership remains part of the contract.
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20.2 Evidence-tiered technology contract
The declared system has Kchip = 32 compute chiplets, eight HBM placements, 8 TB/s effective aggregate HBM
bandwidth, and 32 MiB usable fast state per planar fused chiplet. “Usable” is after declared software, fragmentation,
and reliability derating; a witness exactly on a capacity wall has zero capacity margin.

The default dense BF16 tensor-work coordinate is 5 PFLOP/s. The corresponding 10-PFLOP/s public headline
is a structured-sparse coordinate; it appears only in explicitly named sparse-peak sensitivity rows [59]. Peak is
a ceiling, not delivered kernel throughput. The 8-TB/s HBM coordinate is a declared derating of public HBM
capability rather than a specification for a shipping package [60].

Table 8: Declared package coordinates. Payload and energy are model coordinates anchored to public capability classes,
not guarantees.

Technology Payload Link energy Evidence status

Standard declared cluster 64 GB/s 0.50 pJ/bit public-rate anchor
Advanced 32-GT/s cluster 256 GB/s 0.25 pJ/bit declared sensitivity
Advanced 64-GT/s cluster 512 GB/s 0.25 pJ/bit rate anchor; energy proxy
Vertical two-tier 4 TB/s 0.05 pJ/bit declared capability study

UCIe supplies the public rate and 3D capability classes used as anchors [10]; the model does not infer aggregate
payload, latency, or energy directly from raw lane rate. In the default shared aggregate contract, internal attention
traffic, internal MLP traffic, and Equation (20.5) share one package-payload budget. A named sensitivity charges
internal collectives to separate local fabrics and only the bridge to the package. The distinction is encoded in the
contract name

llama31-gqa-block-rounded-causal128-dense-bf16-shared-package-aggregate-v1.

20.3 Finite architecture and mode registry
Each registered realization retains the typed signature

σ(P ) = (Floc,Mfast, QHBM, Qpkg, Rcoll, Dcausal, Elink, TII, Tlat,Π, η).

Capacity, traffic, bandwidth, latency, and reconfigurability remain distinct coordinates. The six architecture classes
are:
H: static spatial fused.

Dedicated attention and MLP engines coexist; the stage bridge is local, but nonshareable state adds.
U: universal time-shared fused.

One reconfigurable fabric executes the stages sequentially, reuses one state pool, and pays universal attention
efficiency ηU.

S: heterogeneous split.
Attention and MLP own disjoint compute and HBM pools and overlap in steady state; their internal traffic
and semantic bridge consume the declared package resources.

X: dual-mode hybrid.
Split hardware also supports a universal fallback and selects the better legal U/S parent with a declared
two-percent whole-path capability tax. At zero tax it ties, but cannot beat, the parent envelope without a new
schedule.

M: memory-centric attention.
Attention uses a declared near-HBM, lower-compute-density capability; the MLP remains compute dense.

V: vertically specialized.
Two active tiers use twice the planar compute density, reduced internal traffic, and the declared vertical fabric.

Attention has an 8-MiB Flash-local mode and a 28-MiB collective-aware mode. The latter imports FlatAttention’s
0.893 utilization, 4.1× relative speed, and 16× HBM-traffic comparison as a portability hypothesis from a different
MHA many-PE architecture [61]. The MLP has an 8-MiB low-replication mode and a 24-MiB c = 4 communication-
avoiding mode. These are registered, target-specific mode coordinates within the declared realization contract.
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The base prefill traffic ledger is

WA =
(

2 + 2hKV

h

)
d2belem, WF = 3ddffbelem,

Q
(0)
A = WA + 4A(N), Q

(0)
F = WF + 6A(N),

D
(0)
A = 2A(N), D

(0)
F = 2A(N). (20.6)

The effective HBM and local-fabric bandwidth scales are 8 and 4 TB/s.

Table 9: Base stage-mode coordinates. Multipliers apply to Equation (20.6).

Mode State η Q/Q(0) D/D(0) Peak scale

Attention Flash-local 8 MiB 0.893/4.1 16 1 1
Attention Flat-collective 28 MiB 0.893 1 0.5 1
MLP 2D-low-replication 8 MiB 0.85 1 1 1
MLP 2.5D-c4 24 MiB 0.85 0.5 0.5 1

H enumerates mode pairs whose state sum is at most 32 MiB. U enumerates pairs whose state maximum is at
most 32 MiB and substitutes ηU = 0.80 for universal collective-aware attention. Thus Theorem 19.3 gives

28 + 24 = 52 > 32, max(28, 24) = 28 ≤ 32.

The high–high pair is illegal in H but legal in U; U’s competitiveness is governed by its efficiency, not by a false
sum of sequential state.

S fixes the collective-aware attention and c = 4 MLP modes and enumerates all positive integer partitions

(kA, kF ) = (1, 31), . . . , (31, 1), (hA, hF ) = (1, 7), . . . , (7, 1).

There are 31 × 7 = 217 witnesses. X applies

TX = min(TU, TS)
1 − 0.02 .

M fixes compute/HBM partitions 8/24 and 5/3 with a declared near-HBM attention mode. V uses the full
217-witness enumeration with twofold peak scale, half HBM traffic, one-tenth internal traffic, and the vertical
package row.

When two stage modes use different aligned layouts, the exact represented-byte movement is the assignment
value in Theorem 19.4; its nested closed form is used only when the partition factors are actually nested. The
split class additionally carries the two-way bridge in Equation (20.5). No placement or relabeling is credited with
eliminating bytes that the ownership contract requires to move.

20.4 Conserved timing and energy
For stage j ∈ {A,F}, let Fj , Qj , Dj denote tensor work, HBM bytes, and internal-fabric bytes. With compute
share αj , HBM share βj , utilization ηj , peak Cpk, HBM bandwidth BHBM, and local fabric Bf , define

tcmp
j = Fj

αjCpkηj
, tHBM

j = Qj

βjBHBM
, tfab

j = Dj

Bf
.

U reuses full resources sequentially:

TU = max(tcmp
A , tHBM

A , tfab
A ) + max(tcmp

F , tHBM
F , tfab

F ).

H is likewise registered with a sequential full-resource schedule. A hypothetical continuously overlapped stream
cannot give both stages the full capacity: for full-resource demands ar, fr, conservation gives

min
γr∈(0,1)

max
r

{
ar

γr
,

fr

1 − γr

}
= max

r
(ar + fr). (20.7)
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Table 10: Default-contract class optima at N = 16,384, in milliseconds. X includes its two-percent tax.

Scenario H U S X M V Winner / full gap

Standard 64 GB/s 4.655293 2.255868 8.388608 2.301907 15.319862 – U / 0.046038
Advanced 512 GB/s 4.655293 2.255868 2.173152 2.217502 15.319862 – S / 0.044350
Vertical 4 TB/s 4.655293 2.255868 2.173152 2.217502 15.319862 1.086576 V / 1.086576
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Figure 14: Strict registered-class decisions. Thin X gaps are the declared hybrid tax; U/S parent gaps are reported
separately.

Indeed each resource requires at least ar + fr, and choosing γr = ar/(ar + fr) attains that resource’s bound. A
continuous envelope is not promoted to a class witness without a common legal integer schedule.

For each S witness under shared-package accounting,

TS = max
{
tcmp
A , tHBM

A , tcmp
F , tHBM

F ,
DA +DF +QB

Bpkg

}
. (20.8)

Under separate-local-fabric accounting, the final term is QB/Bpkg and DA, DF are charged to their divided local-
fabric pools. The reported S value is the exact minimum over all 217 integer witnesses. Initiation interval is not
conflated with split pipeline-fill latency, which is reported separately. Package link energy is the typed coordinate

Epkg = 8Qpkgϵbit;

this is the package-link energy coordinate; full-system energy is represented by additional signature coordinates.

Model precision and physical fidelity. Exact decimal values below identify the registered algebraic model and
support reproducibility. The declared auxiliary-kernel exclusions can shift wall locations by amounts comparable to
the printed margins. In adversarial costing, the U/S class ordering remained stable while the efficiency wall moved
from about 0.881 into roughly 0.847–0.872. Prose therefore reports wall locations to about three significant figures;
exact machine values remain in the released records.

20.5 Strict registered decisions and phase walls
The standard package selects U at 2.255868 ms. The advanced package selects S at 2.173152 ms, and the vertical
capability selects V at 1.086576 ms. The advanced S witness has unique compute split 12/20; all 7 positive HBM
partitions tie in initiation interval, with 1/7 used only as a deterministic representative. The semantic bridge takes
0.524288 ms at 512 GB/s. Under shared-package accounting, internal traffic plus the bridge totals 512 MiB per
interval and 1.073742 mJ at 0.25 pJ/bit. The separately reported fill latency is 4.841878 ms.

At the advanced point, the U/S efficiency wall is

η∗
U = 0.881200. (20.9)
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Figure 15: The advanced S point is strict but boundary-proximal.

The declared ηU = 0.80 is only 0.081200 below that wall. Holding other coordinates fixed, the U/S package-payload
wall is 237.988577 GB/s. These unlike coordinate distances are reported separately. They are directional diagnostics,
not the full-label Euclidean certificate of Theorem 16.7.

The FlatAttention portability grid has 210 combinations: seven specialized utilizations, six speed ratios, and five
Flash HBM multipliers. U wins 120 and S wins 90. The imported 0.893, 4.1×, 16× point is a registered portability
coordinate; the declared GQA realization determines its target-specific value.

The declared finite registry meets Theorem 16.5: every mode and integer allocation is finite, and its timing laws
are rational terms joined by finite minima and maxima. The winner, active bottleneck, and optimal witness sets
are therefore piecewise constant on the semialgebraic phase cells of Theorem 16.6.

20.6 Context scaling and twelve-contract sensitivity
The tensor-work profile has the form

Rblock(N) = 4dMexec(N) +
[(

4 + 4hKV

h

)
d2 + 6ddff

]
N.

For a smooth dense-padded specialization aN2 + βN , its local exponent is

ploc(N) = 2aN2 + βN

aN2 + βN
,

which moves from one toward two. The bridge is an exponent-one mode. Its fraction decreases asymptotically, but
its finite-scale affordability depends on package bandwidth, fast-state feasibility, and coefficients; exponents alone
do not select the class.

Under the default contract U is strictly faster for 1 ≤ N ≤ 131,072. In the exhaustive integer enumeration
through 1,048,576, S is no slower on

[198,913, 198,926] and [199,041, 1,048,576].

U retakes the lead on [198,927, 199,040], so “sustained” refers only to the finite evaluated range and makes no claim
beyond it.

The U/S/V reversal at N = 16,384 holds in every evaluated row, but exact walls do not: η∗
U spans 0.85

to 0.8812004, and standard-package dominance transitions move inside or beyond the declared domain. Every
block-causal row has two S-no-slower intervals because tile rounding makes the predicate nonmonotone on the finite
range. The machine-readable result records retain every interval rather than reporting only one crossover.

For the three primary technology scenarios, the strict argmin classes are U, S, and V. Their intersection is
empty, so Theorem 16.10 rules out every lossless singleton across that ledger. The family {U,S,V} hits every
argmin set and has zero class-level regret. X is not an argmin in a primary row at its declared tax; at zero tax it
can hit U/S but not V. This is the exact retained-family result for the declared three-scenario technology ledger.
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Table 11: Twelve-contract U/S sensitivity. The peak is either 5-PF dense or 10-PF structured-sparse sensitivity. A dagger
marks an event outside the declared 128K domain.

Executed pairs / peak Package accounting η∗
U Earliest Sustained

Dense padded / 5 PF shared aggregate 0.850000 99,641 99,641
Dense padded / 5 PF separate local 0.850000 37,141 37,141
Dense padded / 10 PF shared aggregate 0.850000 224,641† 224,641†
Dense padded / 10 PF separate local 0.850000 99,641 99,641

Ideal causal / 5 PF shared aggregate 0.877017 199,281† 199,281†
Ideal causal / 5 PF separate local 0.877017 74,281 74,281
Ideal causal / 10 PF shared aggregate 0.877017 449,281† 449,281†
Ideal causal / 10 PF separate local 0.877017 199,281† 199,281†

Block causal-128 / 5 PF shared aggregate (default) 0.881200 198,913† 199,041†
Block causal-128 / 5 PF separate local 0.881200 73,985 74,113
Block causal-128 / 10 PF shared aggregate 0.881200 449,025† 449,153†
Block causal-128 / 10 PF separate local 0.881200 198,913† 199,041†

211 212 213 214 215 216 217

Context length N

10−1

100

101

In
iti

at
io

n 
in

te
rv

al
 (m

s)

Context–package phase under the named default contract
U is strictly faster than S inside the declared 128K domain

U universal fused
S standard package
S advanced package
V vertical

(a) Default context/package phase.

dense padded
shared

dense padded
separate

ideal
shared

ideal
separate

block rounded
shared

block rounded
separate

0

25

50

75

100

125

150

175

200

Fir
st

 su
st

ai
ne

d 
S≤

U 
po

in
t (

th
ou

sa
nd

 to
ke

ns
)

99.6

37.1

199.3

74.3

199.0

74.1

Sustained standard-package dominance is contract dependent
Dense BF16 peak; sustained means through the 1,048,576-token enumeration limit

declared 128K limit

(b) Contract-sensitive transition.
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20.7 Evidence ledger and falsification conditions

Table 12: Claim–evidence separation for the end-to-end certificate.

Class Contents

Exact identities GQA tensor work; pair policies; semantic bridge; layout assignment; state sum/max; conserved
resources; complete integer enumeration

Imported evidence Public model dimensions and context; FlashAttention I/O analysis; FlatAttention MHA ratios;
UCIe, HBM, and accelerator specifications

Declared coordinates Usable fast state; delivered utilization; aggregate package payload and energy; universal
efficiency; vertical capability; hybrid tax

Constructive witnesses Registered schedules, allocations, initiation intervals, fill latency, package traffic, and link
energy

Derived certificates Winners, margins, phase walls, portability sweep, context intervals, and finite-ledger retention
result

Unresolved calibration Executed kernel trace; achieved GQA efficiency; fabric topology; auxiliary work; routed
area/timing/power; thermal, yield, and cost

All technology coordinates are public, synthetic, or explicitly declared; none is presented as customer, supplier,
production, or proprietary process data. The primary certificate is withdrawn, weakened, or reclassified if:
• a kernel trace selects a different execution policy and the matching sensitivity changes the winner;
• the declared GQA target reaches the structured-sparse peak, or fails to approach the dense-mode efficiencies,

without updating the contract;
• internal collective traffic and the bridge do not share the declared aggregate package resource;
• target measurements invalidate imported attention state, utilization, speed, or traffic coordinates;

66 / 87



Fitih M. Cinnor A Communication Theory of Computation Realization

• credible derating crosses the U/S wall or a fast-state feasibility wall;
• an omitted legal class or genuinely new hybrid schedule beats the registered envelope; or
• the objective changes from steady-state initiation interval to latency, energy, area, cost, thermal behavior, or

another quantity that selects a different class.
The executable model reproduces the workload equations, mode and technology ledgers, all 217 S and V

allocations, twelve-contract sweep, complete context intervals, assignment oracle, portability grid, tables, and
figures. Unit tests check arithmetic identities, conservation, phase decisions, and artifact integrity. These checks
establish reproducibility of the complete finite model and bind each reported decision to its equations, registry,
witness enumeration, and artifact record.

The case closes the manuscript’s design chain. Stagewise-optimal modes can be jointly infeasible; time sharing
restores state feasibility at an explicit efficiency price; splitting restores specialization while activating a semantic
bridge; and technology changes which legal realization wins. A downstream optimizer can improve the embedding
of a committed graph, but it cannot recover a realization that upstream commitment removed.

Part V

Executable realization and end-to-end validation
21 From a compiler graph to physical consequence
The formal objects of CRG admit a direct executable realization. A traced computation graph provides operator
semantics, tensor dependencies, shapes, and terminal ownership. A resource contract declares legal transformations.
Transformation instances generate constructive realizations. A signature extractor maps each realization to typed
joint obligations. Converse modules contribute scoped outer obligations. Technology models then select and
physically evaluate realizations. The reference implementation carries this chain from an exact Transformer
microblock to two routed heterogeneous-package models:

GFX −→ (F, ρ, T ) −→ Pref
σ−→ Rref −→ safe reduction −→ technology embedding. (21.1)

21.1 Reference CRG intermediate representation
Let GFX denote the PyTorch FX symbolic trace of a microblock containing query, key, and value projections, score
formation, softmax, attention–value multiplication, output projection, residual connections, feed-forward expansion
and contraction, nonlinear activation, and final residual integration. The trace is converted into

IRCRG = (F, ρ, T ,T,Pref , σ,Bout), (21.2)

where F is the terminalized computation, ρ the resource contract, T the ownership hierarchy, T the transformation
grammar, Pref the constructive realization family, σ the typed signature extractor, and Bout the set of class-scoped
outer obligations.

The computation contract records operators, tensor shapes, input/output ownership, element type, exactness,
and the correspondence between graph values and terminal data. The resource contract records materialization,
recomputation, fusion, split ownership, replication, time sharing, and vertical placement as legal transformation
classes. Applying that grammar generates six realizations:
1. fused materialization;
2. fused recomputation;
3. split materialization;
4. split recomputation;
5. replicated split recomputation; and
6. vertical split recomputation.

For P ∈ Pref , the extractor emits

σ(P ) =
(
W,Mfast, QHBM, Qpkg, Qbridge, D, L,E,A, Tmax, Yproxy, Rproxy

)
(P ), (21.3)

with a unit, aggregation law, and evidence source attached to every coordinate. Three outer-obligation records
constrain semantic bridge movement, state capacity, and service in their registered classes. Combining the
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Figure 17: Reference graph-to-certificate pipeline. A traced compiler graph is expanded into computation and resource
contracts, six constructive realizations, typed obligations, scoped outer bounds, and technology-conditioned decision
certificates.

realization family, signatures, obligations, three technology ledgers, and three objective ledgers produces nine
decision certificates. Each certificate records the selected witness, runner-up, margin, active bottleneck, coordinate
provenance, and dependency set.

The three technology rows expose three distinct legal realizations: fused materialization under constrained
planar service, split materialization under advanced 2.5D service, and vertical split recomputation after the vertical
primitive enters the resource contract. The reference IR therefore constructs the left side of the CRG ladder rather
than receiving an anonymous candidate list.

21.2 Head-to-head retention experiment
Experimental construction and interpretation. The experiment uses a declared six-realization family and a
registered ledger of post-commit technology and objective shifts. The CRG declared-ledger set is constructed to
intersect the argmin sets of that ledger. The comparison therefore demonstrates decision-class-aware retention
against winner-only and an initial two-point Pareto projection of equal cardinality; it is not a comparison with
every robust or production design-space-exploration policy.

The retention experiment fixes the same six-realization family and compares four reduction maps. Winner-
only retention keeps the initial optimum. Initial-PPA Pareto retention keeps the two points nondominated
under the registered initial performance, power, and area projection. CRG declared-ledger retention keeps the
smallest two-realization family that intersects every argmin set in the declared future price/objective ledger. CRG
universal-monotone retention keeps the five realizations whose signatures generate the full finite upper obligation
region.

For a retained family Aj ⊆ Pref and post-commit technology/objective point θ, define

Regretθ(Aj) = min
P ∈Aj

Cθ(P ) − min
P ∈Pref

Cθ(P ). (21.4)

A shifted winner is missed exactly when this quantity is positive.
A named advanced-2.5D shift changes the full-family winner from fused materialization to split materialization.

Winner-only and initial-Pareto retention omit the later winner and incur 12.678% relative regret. Both CRG
policies retain it and incur zero regret. Across 250 randomized post-commit changes of prices and objective weights,
with legality held fixed, the result is:
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Figure 18: Head-to-head retention test. The declared CRG ledger preserves the post-commit decision at the same two-design
cardinality as the initial-PPA Pareto reference policy.

Table 13: Retention under 250 post-commit changes. Regret is measured against the full six-realization family.

Policy Retained Shifted-winner miss rate Mean relative regret
Winner-only reference DSE 1 58.0% 7.018%
Initial-PPA Pareto reference DSE 2 57.6% 6.965%
CRG declared ledger 2 0.4% 0.021%
CRG universal monotone 5 0.0% 0.000%

The two two-realization policies expose the content of the theorem. Their cardinality is identical; their decision
information is not. The initial-PPA set preserves one starting projection, whereas the declared CRG ledger preserves
the argmin structure of the stated future decision family.

A second experiment changes capability rather than price. The vertical class is absent from the original legal
family and becomes admissible only after the vertical primitive is introduced. Repricing the old family yields
31.484% relative regret. Reopening the resource contract, generating the vertical realization, and rebuilding the
geometry restores the global optimum. The experiment therefore distinguishes movement within a CRG slice from
movement to a new slice.

21.3 Carrying one semantic obligation into routed 2.5D and 3D models
The physical study begins from one semantic statement: disjoint ownership of the two stages requires the hidden
state to cross their boundary. Two technology contracts serve the same obligation through different embeddings: a
side-by-side 2.5D specialist realization and a face-to-face 3D specialist realization. A negotiated A* router uses a
0.5 mm package grid and four routing layers.

For routed net bundle e, the compact timing model is

Le = 109 qe

Be
+ Lprop

e + Lproto
e , Lprop

e =
{

0.015 ℓe, e planar,
0.02, e vertical,

(21.5)

where qe is bytes per operation, Be is allocated bytes per second, and ℓe is routed planar length in millimeters; the
factor 109 expresses serialization time in nanoseconds. Link power is the transported bit rate times the declared
energy per bit. Signal bumps and port-row count determine required shoreline.

The steady-state thermal field solves the finite-difference conductance system

GthT = P +GambTamb, (21.6)

with registered lateral, vertical, and ambient conductances. The PDN field solves the resistive mesh system

Gpdnv = s− i, (21.7)
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with edge supply and a declared vertical-bump delivery drop for upper tiers. For a component of area A, defect
density D0, and clustering parameter α, the negative-binomial yield coordinate is

Y (A;D0, α) =
(

1 + D0A

α

)−α

, (21.8)

and system yield multiplies die, interposer, attachment, and vertical-bond terms. The test coordinate is normalized
access-lane service with a stack-depth factor. The reliability coordinate combines Arrhenius temperature acceleration

AF (T ) = exp
[
Ea

kB

(
1
Tref

− 1
T

)]
(21.9)

with routed-interconnect and stack penalties.

Table 14: Deterministic routed comparison for the same semantic ownership contract.

Metric 2.5D side-by-side 3D face-to-face
Package area 1444 mm2 1122 mm2

Active silicon 528 mm2 512 mm2

Modeled power 278.63 W 274.53 W
Semantic-bridge latency 2002.11 ns 256.62 ns
Critical-link latency 2002.58 ns 2002.13 ns
Maximum temperature 49.91◦C 54.04◦C
Required shoreline 3.658 mm 1.467 mm
Test-observability score 1.000 0.905
Yield proxy 0.455 0.494

The vertical service reduces bridge latency by 87.2%, shoreline by 59.9%, and package area by 22.3%. HBM
service remains near 2002 ns in both realizations, so the critical-link latency remains essentially unchanged. At
the same time, vertical integration raises the maximum modeled temperature, concentrates routes, reduces test
observability, and changes the reliability-risk coordinate. The physical result is therefore geometric: improving the
service of one semantic obligation exposes a different active face of the joint resource system.

21.4 Integrated computation-to-technology statement
The three reference results instantiate the theoretical architecture:

IR construction︸ ︷︷ ︸
(F,ρ,T ), P, σ, R

−→ safe reduction︸ ︷︷ ︸
ΓA, KA

−→ physical selection︸ ︷︷ ︸
τ, ϕ, Φτ

. (21.10)

The graph-to-certificate implementation constructs the legal family and typed signatures; the retention experiment
tests decision sufficiency under post-commit change; and the routed study maps one semantic obligation into
coupled physical coordinates. They form a complete executable reference path through computation-realization
geometry.

Part VI

Synthesis and extension
22 A unified evidence architecture
The theory combines formal mathematics, constructive computation, deterministic measurement, finite-model
certification, imported capability anchors, declared coordinates, and physical modeling. Each contributes a different
part of the scientific chain.
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Figure 19: Routed heterogeneous-integration tradeoff. The vertical embedding changes bridge service, shoreline, area,
temperature, test, and reliability coordinates while HBM remains the active critical path.

Table 15: Evidence architecture used throughout the manuscript.

Class Scientific function Rule of composition
Formal result Establishes a universal implication in a

mathematical contract
Preserve hypotheses, quantifier order,
hierarchy, and accounting

Constructive wit-
ness

Establishes joint attainability by a legal
realization

Carry construction, units, resource ledger,
and feasibility conditions

Certified finite-
model result

Establishes an exact optimum, tie set,
margin, or phase label over a complete
finite family

Preserve family, evaluator, objective, and
technology domain

Empirical diagnos-
tic

Measures a named realization through a
deterministic hierarchy and estimator

Carry dataset identity and measurement
contract

Imported evidence Anchors a workload, device, or capability
coordinate

State the source-to-target correspondence

Declared coordi-
nate

Defines a phase or sensitivity axis Retain units, range, and dependency
relation

Reference realiza-
tion

Demonstrates an executable relation
among theory objects

Extend through adapters, transformation
grammars, and physical models

The outer-obligation/inner-witness pair is the recurrent proof pattern. An outer theorem identifies what every
legal realization in a class provides; an inner construction identifies one jointly attainable point. Equality closes a
slice of the geometry. A nonzero bracket identifies the exact information needed to close it. A routed or measured
construction returns as a refined inner witness without changing the semantic definition of the computation.

23 The scientific object established here
A Communication Theory of Computation Realization is organized by one ordered architecture:

(i) terminal semantics determine the distinctions that must become available;

71 / 87



Fitih M. Cinnor A Communication Theory of Computation Realization

(ii) the resource contract determines which algorithms, protocols, schedules, ownership structures, hierarchies,
and embeddings are legal;

(iii) legal realizations generate an exact joint signature region;
(iv) declared observation classes induce canonical decision-sufficient quotients of that region;
(v) the Safe-Commitment Law characterizes lossless reduction of the realization family;
(vi) hierarchy projections and scale laws expose multiscale structure;
(vii) technology acts through capability, embedding, service, and cost; and
(viii) compiler and physical tools return new constructive witnesses to the same versioned object.

This order replaces “select a graph, measure its communication, and optimize its embedding” with a computation-
first theory in which legal alternatives and their joint obligations exist before one architecture or technology becomes
definitive.

24 Extension domains
24.1 Stochastic, approximate, and reversible realizations
Randomized and approximate computations replace exact contextual equivalence by distributional or distortion-
sensitive relations and add error, confidence, expected traffic, tail latency, and coding coordinates. Reversible
realizations add logically irreversible transformations and thermodynamic service to the resource contract. The
abstraction principle is unchanged: define the legal realization family, identify the decision class, and derive its
sufficient geometry.

24.2 Automatic realization-family construction
Compiler dialects, transformation grammars, program families, e-graphs, architecture generators, and symbolic
schedulers can construct compact representations of P . Semantic equivalence and resource legality govern admission;
inner witnesses and outer obligations organize the search; and the Safe-Commitment Law governs reduction. The
reference IR supplies the machine-readable interface among these elements.

24.3 Physical and manufacturing geometry
Technology contracts can add routed congestion, signal and power integrity, clocking, transient thermal fields,
mechanical stress, test access, defect and yield models, reliability, supply risk, and economic coordinates. These
coordinates enlarge the technology observation of the same pre-technology realization family. A physical tool can
therefore refine an embedding or return a new witness while the semantic and resource contracts remain stable.

24.4 Dynamic lifecycle geometry
Workloads, prices, capabilities, and objectives evolve. CRG separates three operations: reprice an unchanged
geometry, recalibrate the embedding model, or reopen the legal family when a new capability changes ρ. This gives
a formal lifecycle semantics to design reuse, option value, and technology migration.

25 Implications for computation-to-technology design
CRG changes the unit of design from one selected graph to a versioned family of legal realizations and the decision-
sufficient geometry derived from it. A computation contract records behavior, ownership, and correctness. A
resource contract records legal storage, recomputation, replication, interaction, scheduling, and hierarchy. Compiler
and architecture tools construct witnesses. Semantic and physical converses bound the region. Technology models
expose feasible faces, and the design decision records the selected witness, runner-up, margin, active constraints,
and dependency relations.

This architecture changes the meaning of iteration. A price change is a new observation of the same geometry.
A capability change reopens the affected realization grammar. A routed construction refines a witness. A new
converse shrinks an outer region. The design record accumulates rather than being replaced by an unrelated point
solution.
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26 Conclusion
A computation has many legal physical realizations. They distribute local transformation, retained state, and
boundary communication differently across space, time, and hierarchy. Computation-realization geometry makes
that family the primary scientific object.

The abstraction ladder
(F, ρ, T ) =⇒ P σ−→ R −→ Γ −→ K

separates realization identity, exact joint attainability, monotone-decision information, and additive-price information.
The Safe-Commitment Law gives the exact criterion for reducing the realization family without changing the future
decisions represented by the retained object.

Canonical semantic states, interactive cut-rank geometry, network carriers, cut-state conservation, observation
dualities, scaling laws, technology-phase calculus, analytic component certificates, the Transformer registry, the
reference intermediate representation, the retention experiment, and the routed heterogeneous-integration study
form one continuous derivation from abstract computation to physical consequence. Together they establish a new
level of abstraction for physical computation: the resource-conditioned geometry of legal realizations and the law
governing when those realizations may be forgotten.

Preserve the smallest realization geometry sufficient for the future decisions that remain.
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Part VII

Appendices
A Harmonized notation and terminology
The notation in Table 16 is reserved globally. Local variables may be used only where their scope is unambiguous
and they do not overwrite a reserved meaning.

Symbol Reserved meaning Harmonization rule

F Terminalized computation Tensor-work counts carry stage subscripts, for example Wattn
and Wmlp, rather than redefining the semantic computation

ρ Resource contract Never denotes spectral radius or a mode share
T Recursive accounting hierarchy A hierarchy is distinct from a routed carrier network and from

elapsed time
P Legal realization or protocol The Transformer chiplet count is Kchip, not P
σT (P ) Typed signature of one realization Coordinates retain units and evidence tags; capacity, traffic,

service, latency, and energy are not interchangeable
Rρ

F (T ) Exact attainable signature region Replaces the separate design-paper notation Z
Γρ

F (T ) Closed upper obligation region The interface hyperedge set in scaling arguments is E∂ , never Γ
Kρ

F (T ) Closed convex linear-cost body Used only for the declared additive nonnegative-price observation
class

P Registered realization family A netlist partition is Πpart
w Nonnegative price vector A finite-registry witness index is j or ω, not w
τ Technology contract or technology point Its declared domain is Dtech; Θ(·) remains asymptotic notation
spr(A) Spectral radius of matrix A Replaces the scaling source’s overloaded ρ(A)
ωj(g) Share of interface mode j at scale g Replaces overloaded mode weights ρj(g)
E∂ , R∂(g) Inter-component hyperedges and their pro-

file
Distinct from the CRG obligation region Γ

p, ploc(g) Asymptotic and local scaling exponents A separation- tail exponent is ϑ; a technology polynomial is
named q

Kchip Number of compute chiplets in a registered
case

Layout factors satisfy Kchip = CT = C′T ′

H,U,S,X,M,V Registered Transformer architecture
classes

Upright sans-serif labels prevent class names from being read as
scalar variables or sets

Table 16: Globally reserved notation.

Term Canonical meaning Explicit non-meaning

Realization One legal algorithm, protocol, circuit, sched-
ule, mapping, allocation, and hierarchy in-
stance under ρ

Not an abstract computation or a technology price

Obligation A typed quantity every in-contract realiza-
tion must provide or transport

Not necessarily one physical wire or measured event

Witness A constructive legal point in the realization
set

Not proof that no better unregistered realization exists

Certificate A proof or checked finite-model consequence
with assumptions, units, dependencies, va-
lidity domain, and falsifiers

Not a confidence score, vendor guarantee, or physical
signoff

Phase cell A connected sign-invariant region with a
constant set-valued feasibility, bottleneck,
witness, and winner label

Not a claim that unmodeled technology variation is
absent

Rent profile A registered scale projection R(g) of one
realization and accounting procedure

Not the complete CRG and not an intrinsic scalar of a
circuit independent of hierarchy

Open artifact The exact versioned archival payload of
source, code, inputs, results, tests, licenses,
and provenance identified by its public file
index, root manifest, and versioned public
deposit

Not blanket permission over other releases, superseded
drafts, unreleased materials, or third-party content
outside its recorded terms

Table 17: Terminology used across the integrated theory, diagnostics, and case study.
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B Contract precedence and quantifier order
Every CRG statement is interpreted in the following order.

(i) Fix the computation F , terminal ownership, and semantic correctness criterion.
(ii) Fix the resource contract ρ, including allowed primitives, local work, depth, storage, replication or recompu-

tation, approximation, hierarchy rules, and communication accounting.
(iii) Choose an admissible hierarchy T , then range over all ρ-legal realizations on that hierarchy.
(iv) Extract the typed signature of each realization. Only after the exact region is defined may an upper closure,

convexification, scale projection, or other observation quotient be taken.
(v) Apply a technology contract τ as a constraint, embedding model, and cost system. A price-only change does

not alter the pre-technology legal set; a capability change that enables a new primitive, schedule, storage
mode, or hierarchy changes ρ and therefore selects a different CRG slice.

(vi) State whether the conclusion is universal over legal realizations, constructive for one witness, exact over a
finite registry, diagnostic for one measurement procedure, or proposed future integration.

Changing an earlier item invalidates downstream certificates unless a theorem explicitly proves invariance or
monotonicity under that change. In particular, an observed phase winner cannot be transferred to a new execution
policy or package accounting rule merely because the workload name is unchanged.

C Essential reusable contract clauses
The following clauses prevent the most common overextensions of the integrated results.

C.1 Interaction, traffic, and time
Directional contextual summaries are exact constructive states in the declared noninteractive model. Arbitrary
interaction can change attainable nonlinear signatures; the finite-field linear fragment is separately exact by the
cross-cut rank theorem. Static transcript capacity is not instantaneous bandwidth or latency. A temporal conclusion
additionally requires a service window, retained cut state, event direction, and accounting rule. Joint coding,
compression, variable length, retransmission, and multicast are free only when the contract expressly supplies their
decoder and charging rules.

C.2 Layout conversion
The aligned-layout assignment law assumes disjoint exhaustive equal-capacity source and target partitions, uniform
represented-byte density, one initial and final owner per element, and free bijective chiplet relabeling. It excludes
replication, recomputation, coding, compression, cached duplicates, unequal-capacity placement, congestion, and
route-dependent cost. The nested closed form requires C | C ′ or C ′ | C; the fact that both factors divide Kchip
is not sufficient. The general result is the maximum-weight assignment, and its minimum is represented-byte
movement rather than routed traffic, latency, or energy.

C.3 Scaling and boundary modes
A positive mixing cocycle supplies a sufficient projective mechanism. In that local matrix context its factors
are Ak, its period product is M , and its spectral radius is spr(M), leaving ρ reserved for the resource contract.
Mode-mixture weights are ωj(g). Inter-component boundary edges are E∂ and contribute R∂(g); they are not the
upper obligation region Γ. One-phase dyadic samples cannot establish a nontrivial log-periodic phase function.
Failure of a necessary observable rejects a certificate, whereas agreement does not prove unique mechanism or basin
membership.

C.4 Finite-registry design decisions
A phase label is set-valued and retains infeasible cells, ties, active bottlenecks, witness exchanges, and architecture
exchanges. A retained family is lossless for a technology set precisely when it intersects every attained argmin set.
Strict positive regret for every singleton additionally requires the corresponding finite attained ledger. No sampled
pairwise reversal alone rules out an unregistered robust compromise.
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C.5 Transformer certificate
The primary result concerns batch-one prefill under the named GQA tensor-work, pair-execution, peak-basis,
package-sharing, and architecture-registry contracts. Auxiliary kernels and physical coordinates listed as exclusions
remain outside the objective. The split bridge is semantic only under disjoint single ownership and the declared
steady-state exchange. The universal and static classes use different state aggregators because one reuses state
across disjoint times and the other provisions dedicated state simultaneously. Imported FlatAttention coordinates
are sensitivity variables, not GQA calibration facts.

D Worked derivations of the CRG abstraction ladder
This appendix derives the abstraction ladder in elementary finite examples. The examples are intentionally small:
they show exactly what each object retains, why the objects cannot be interchanged, and how the same formalism
connects semantic obligation to a technology-conditioned decision.

D.1 Broadcast and parity: semantic state versus physical incidence
Let a tree carry one binary source x at vertex s. In the broadcast task, every terminal in a set D must output x.
Delete an edge e and orient it from the component containing s toward the opposite component. If the opposite
component contains at least one demanded output, then two source-side assignments x = 0 and x = 1 induce
different required outputs there. The contextual quotient therefore has two classes and

κe = log2 2 = 1.

The reverse quotient has one class because the source-side outputs do not depend on opposite-side inputs. Hence
one semantic bit is required in the forward direction on every edge separating the source from at least one consumer.

The same bit can cross many hierarchy interfaces. If the source is at the root of a balanced tree and all leaves
consume the bit, the sum of edge incidences grows with the distribution tree although the semantic source contains
only one bit. Information content and multiscale physical incidence are therefore different coordinates.

Now place one source bit xv at every vertex and require every vertex to output the global parity

y =
⊕
v∈V

xv.

Across any nontrivial cut A | B, the A side contributes one local parity pA =
⊕

v∈A xv and the B side contributes
pB . To produce y = pA ⊕ pB on both sides, one bit must cross in each direction. The canonical signature on every
oriented edge is therefore (1, 1) in the two directions. Broadcast and parity can both involve one-bit summaries, yet
their directionality and hierarchy incidence differ. CRG retains those differences rather than compressing them into
one undirected communication number.

D.2 INDEX: interaction changes the attainable geometry
Let Alice hold x ∈ {0, 1}n, let Bob hold i ∈ [n], and require Bob to output xi. Under a one-way Alice-to-Bob
contract, Alice’s message must distinguish every pair x ̸= x′. Indeed, choose an index i at which they differ; Bob
must then produce different outputs. Thus every valid one-way message alphabet has at least 2n states, and the
one-way signature is

rone = (n, 0)
in coordinates (A → B,B → A).

Under a two-round interactive contract, Bob sends i using ⌈log2 n⌉ bits and Alice returns one bit xi. This gives
the constructive signature

rint = (1, ⌈log2 n⌉).
The exact region contains at least these two incomparable points:

R ⊇ {rone, rint}.

For a nonnegative price w = (wAB , wBA), their costs are

Cw(rone) = nwAB , Cw(rint) = wAB + ⌈log2 n⌉wBA.
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The interactive realization wins precisely when

(n− 1)wAB > ⌈log2 n⌉wBA,

and the one-way realization wins in the reverse regime. The computation has no price-independent preferred
protocol. Interaction is a legal-realization choice, and technology or policy prices expose different points of the
same realization geometry.

D.3 Exact points, upper obligations, and price-visible bodies
Consider a finite realization family with two exact signatures

r = (0, 2), s = (2, 0).

The exact attainable region is
R = {r, s}.

Its upper obligation region is
Γ = up R =

(
r + R2

+
)

∪
(
s+ R2

+
)
,

and its convex price-visible body is
K = cl conv Γ = conv{r, s} + R2

+.

The midpoint (1, 1) belongs to K but not to R or Γ. Therefore the monotone objective

Φ(x) = max{x1, x2}

has
inf

x∈R
Φ(x) = 2, inf

x∈K
Φ(x) = 1.

Convexification is exact for additive prices, because every linear functional attains its infimum on an extreme point
of the segment, but it is not exact for all monotone objectives. This is the elemental reason that R, Γ, and K are
distinct scientific objects.

The example also shows why coordinatewise minima can be fictitious. The minimum of each coordinate is
zero, but no legal realization attains (0, 0). A report that lists only marginal minima silently combines the first
coordinate of one design with the second coordinate of another.

D.4 Safe commitment and explicit regret
Retain only the first realization, A = {r}. For the price w = (1, 3),

Cw(r) = 6, Cw(s) = 2.

The full family selects s, while the retained family is forced to select r. Commitment regret is

Regretw(A) = inf
a∈A

⟨w, a⟩ − inf
x∈R

⟨w, x⟩ = 6 − 2 = 4.

Equivalently, KA ≠ K. The linear-cost part of the Safe-Commitment Law therefore predicts the existence of a
separating price, and this price realizes the prediction explicitly.

If the future decision class consists only of the single price w = (3, 1), then retaining r is sufficient because
r is the unique minimizer for that one decision. If every nonnegative price remains possible, retaining only r is
insufficient. Safe retention is thus indexed by the future decision class, not by an unconditional requirement to
preserve every realization.
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D.5 From a compiler graph to CRG objects
The reference intermediate representation instantiates the formal chain as follows. A compiler graph supplies
operators, tensor dependencies, shapes, and terminal ownership. A computation contract fixes the required outputs
and semantic equivalence. A resource contract declares legal transformations such as materialization, recomputation,
fusion, split ownership, replication, and vertical placement. Applying those transformations generates a finite
registered family

Pref = {P1, . . . , P6}.

For each Pj , the extractor computes a typed signature

σ(Pj) = (Wj ,Mj , Q
HBM
j , Qpkg

j , Dj , Ej , Tj , . . .).

The six vectors form the exact registered image Rref . Dominance closure produces the monotone region used for
resource-feasibility queries; convexification produces the body used for additive prices. Scoped outer bounds enter
as inequalities satisfied by every legal member of a declared class. The decision certificate then records

P ⋆ ∈ argmin
P ∈Pref

Cτ (P ),

together with the runner-up, margin, active constraints, witness data, and reopen dependencies.
This mapping explains the role of the reference implementation. It is not a separate empirical object attached

to the theory; it is an executable construction of (F, ρ, T ), P, σ, R, scoped outer obligations, and a technology-
conditioned selection from the same formal chain.

D.6 Repricing versus reopening
Let P and its signatures be fixed. Replacing one nonnegative price vector w by another w′ changes

argmin
P ∈P

⟨w, σ(P )⟩

without changing P, R, Γ, or K. The design family can be repriced.
Now suppose a new vertical primitive becomes legal. The resource contract changes from ρ to ρ′ with

Pρ
F (T ) ⊊ Pρ′

F (T ).

A new signature may lie outside the old geometry and dominate every old candidate for the updated technology.
No price sweep over the old body can recover it. The correct operation is to reopen the legal family, construct the
new geometry, and then select. This is the formal distinction between a technology price update and a technology
capability update.

D.7 Why monotone observations reconstruct the upper region
Let Γ ⊆ Rd

+ be closed and upper closed. For every test point a ∈ Rd
+, define

Φa(x) = ∥(x− a)+∥∞, (x− a)+ =
(
max{xi − ai, 0}

)d

i=1.

This function is continuous and coordinatewise nondecreasing. If a ∈ Γ, then Φa(a) = 0, so infx∈Γ Φa(x) = 0.
Conversely, if the infimum is zero, choose xn ∈ Γ with Φa(xn) → 0 and define yn = xn ∨ a coordinatewise. Upper
closure gives yn ∈ Γ and yn → a; closedness gives a ∈ Γ. Hence

a ∈ Γ ⇐⇒ inf
x∈Γ

Φa(x) = 0.

The complete response to continuous monotone objectives therefore determines membership of every point and
reconstructs the entire upper region. This is the key step behind the monotone part of the Safe-Commitment Law.

For a retained family A, suppose ΓA ⊊ Γ. Choose a ∈ Γ \ ΓA. Then the full family has value zero for Φa,
whereas the retained family has strictly positive value. The separating objective is constructed directly from the
missing point; positive commitment regret is not an appeal to an unspecified future cost.
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D.8 Why additive prices reconstruct the convex upper body
Let K ⊆ Rd

+ be nonempty, closed, convex, and upper closed. Its lower support response is

hK(w) = inf
x∈K

⟨w, x⟩, w ∈ Rd
+.

Every x ∈ K satisfies ⟨w, x⟩ ≥ hK(w) for all nonnegative w. If x /∈ K, strong separation supplies a vector a and
scalar α with

⟨a, x⟩ < α ≤ ⟨a, y⟩ for all y ∈ K.
Upper closure forces a ≥ 0: if ai < 0, then y + tei ∈ K for every t ≥ 0 and ⟨a, y + tei⟩ → −∞, contradicting
separation. Therefore a is an admissible nonnegative price, and

⟨a, x⟩ < hK(a).
It follows that

K = {x ∈ Rd
+ : ⟨w, x⟩ ≥ hK(w) for every w ≥ 0}.

Thus the complete additive-price response determines K exactly. The convexification step is justified precisely
because linear prices cannot distinguish a raw set from its convex hull, while nonlinear monotone objectives can.

D.9 A two-architecture phase wall
Consider two legal realizations with technology-dependent costs

CA(θ) = max{a1(θ), a2(θ)}, CB(θ) = max{b1(θ), b2(θ)},
where all branches are rational functions on a semialgebraic domain Θ. The winner can change only when one of
the following equalities is met:

a1 = a2, b1 = b2, CA = CB ,

or when a feasibility inequality becomes tight. Clearing denominators on regions of fixed denominator sign converts
these conditions into polynomial sign tests. A sign-invariant cell decomposition therefore partitions Θ into finitely
many regions on which feasibility, active bottlenecks, and the complete winner set are constant.

At a point θ0 away from every wall, let p1, . . . , pm be the cleared polynomials used by the decision and let Li

bound the local Lipschitz variation of pi. Then

r < min
i

|pi(θ0)|
Li

preserves every sign and hence the complete phase label. The radius is a certificate for the full decision record, not
merely the distance to the nearest pairwise architecture tie.

D.10 Deriving the architecture–technology scaling law
Let one realization have demand

R(g) = gpℓR(g)
and one physical technology have boundary service

Bτ (g) = gqℓB(g),
with ℓR and ℓB slowly varying. The dimensionless strain is

χτ (g) = R(g)
Bτ (g) = gp−q ℓR(g)

ℓB(g) .

The quotient of positive slowly varying functions is slowly varying, so χτ ∈ RVp−q. The sign of p− q controls the
asymptotic direction:

p < q ⇒ χτ (λg)/χτ (g) < 1 at large scale,
p > q ⇒ χτ (λg)/χτ (g) > 1,

and p = q leaves the decision to constants and slowly varying factors.
For an ideal homogeneous d-dimensional body, volume grows as g and boundary measure as g(d−1)/d, hence

q = (d− 1)/d. Two-dimensional and three-dimensional homogeneous service therefore have marginal indices 1/2
and 2/3. This derivation is a scale-matching law: the complete physical technology model supplies routing, timing,
power-delivery, thermal, test, yield, and reliability constraints in addition to the boundary-service index.
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D.11 Transformer bridge arithmetic from ownership semantics
For context length N , hidden dimension d, and belem bytes per element, one hidden-state tensor occupies

A(N) = Ndbelem.

If attention and feed-forward stages have disjoint single-owner regions, the state must move from attention to
feed-forward and the next state must return to the attention owner in steady operation. The two-way semantic
bridge is therefore

QB(N) = 2Ndbelem.

For N = 16,384, d = 4096, and BF16/FP16 belem = 2 bytes,

A(N) = 16,384 × 4096 × 2 = 134,217,728 bytes = 128 MiB,

QB(N) = 256 MiB.

At a declared payload of 512 GB/s, the serialization time of the bridge is

256 MiB
512 GB/s = 0.524288 ms

under the decimal-rate/binary-size convention used by the registered model. The calculation begins from ownership
semantics; physical placement determines how the obligation is served and priced.

The state-feasibility distinction follows from two different resource aggregators. If dedicated attention and
feed-forward engines require 28 MiB and 24 MiB simultaneously, static provisioning requires 52 MiB. If one
universal engine executes the stages in disjoint time intervals and reuses the same state pool, the required capacity
is max{28, 24} = 28 MiB. The designs are not two estimates of one architecture; they are two legal realizations
with different time and efficiency coordinates.

D.12 Deriving retention regret in the reference experiment
Let P ⋆

0 be the winner under the initial technology and let P ⋆
1 be the winner after the advanced-2.5D price update.

A winner-only policy retains A = {P ⋆
0 }. If the updated costs are C1(P ⋆

0 ) and C1(P ⋆
1 ), relative regret is

RelRegret1(A) = C1(P ⋆
0 ) − C1(P ⋆

1 )
C1(P ⋆

1 ) .

The registered values give 12.678%. The CRG declared ledger contains P ⋆
1 , so its updated regret is zero. Across the

randomized ledger, the miss rate is the empirical frequency of

A ∩ argmin
P ∈Pref

Cθ(P ) = ∅.

This is the finite-domain condition of argmin-hitting retention evaluated over sampled future technology and
objective points.

When a vertical capability adds a new legal realization PV /∈ Pold, every retained subset of the old family misses
PV before reopening. The resulting 31.484% regret is not a failure of price coverage inside the old geometry; it is
evidence that the legal family has changed. Reopening constructs Pnew = Pold ∪ {PV } and restores the correct
technology-conditioned optimum.

E Derivation map from theorem to engineering artifact

Table 18: How the principal formal objects appear in an engineering record.

Formal object Mathematical content Engineering artifact
F Terminalized computation and cor-

rectness relation
Workload/operator graph, output ownership,
exact or approximate semantics
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Formal object Mathematical content Engineering artifact
ρ Legal primitives, resource bounds,

accounting, hierarchy rules
Transformation rule set, memory/recompute
policy, replication rules, precision and
scheduling contract

P Legal realizations modulo internal-
state renaming

Registered algorithms, dataflows, schedules,
mappings, partitions, layouts, and allocations

σ(P ) Typed joint obligation vector Work, state, traffic, events, depth, latency,
activity, energy and physical-interface fields
with units

R Exact jointly attainable signatures Candidate database retaining discrete attain-
able combinations and realization provenance

Γ Closed upper obligation region Complete representation for monotone re-
source feasibility and monotone cost queries

K Convex upper price-visible body Complete representation for additive nonneg-
ative price sweeps and admitted mixtures

Outer obligation Converse satisfied by every realiza-
tion in a class

Certified lower bound or infeasibility certifi-
cate

Inner witness One explicit legal construction Compiler schedule, RTL/netlist, routed pack-
age, measured kernel, or other constructive
evidence

Safe-Commitment Law Equality of the required decision-
sufficient object before and after re-
duction

Pruning certificate and retained-alternative
ledger

Technology point τ Capability, embedding, service, and
cost model

PDK/package/library coordinates, calibrated
models, and objective weights

Decision certificate Argmin, margin, dependencies, and
active constraints

Architecture-review record with repricing and
reopen triggers
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